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ABSTRACT 
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The.r.e is a ne:ed for :go.ad :s.(:;:Lu.t·i,on:s: ·t.o' tnese prob.le.ms usin.g 
~ .. 
', 
with scarce re.E>qur·cEas .. l:s f':o .. rmulat.ea. in terms· d,r· a ·zero-one int.e.·g~·r: 
., 
problems ot. thi:s typ.e is develope·d in th·is p:aper. The solutd .. on pro-
9b~:~J.n:ed from art·ificial. con-strain.ts,): c.aJ_le:d Sur.r·ogate const:eaint,s ., . 
.. 
one solutions. ·I 
:sh.ow that the a~gqri.-thm: ·cle:yelope·d here:. :t.s .comp:u.tat-ional.ly :mo,re 
:efficient in- terms: of the num.be::r o·r explic.:it enumerations r·equired. 
to solve a problem. · It is no:t: as efficie·nt in terms of· tot-al time 
' 
required to solve a problem .• ·· 
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·An-s·· rrr.o·A ·c-T1 .•• ~ ' -~ . . -
. ··.· ~ ..... 
. 
.• A 'dtrmput:ati onfil _procedu,:r:e, whi:oh op:timally s.ol·ve$, 
generat-ea· durin,g the $ol11t.i:on process: to fin.a.. an -optimal soluti.ort. 
Tlre. f3o.:Iution p:ro::cess· ·is an 1;:rnpl-ic-it· en..UI11er\ation algor.it.hnr which us.e:s 
. . . 
'Th_e :procedure:. ls c:01111:Ya:r-ed with. a ·z:er.o~an-e .t.n~eger. p:ro·gra.mmj ng 
show· that. 'the· q,l_gor,i:thm dev.e·Ioped -he·re i·s: ,c.:.0D1putatio11.ally· mo.re· 
... 
e:t"fic.ient ·in te.rms o.T- the number· -cY:f: e.xpli..cit· ~::nw.nerat:ions requ.ir~·:ci: .. 
-required to· so:Qlve.- a ·proble-rn. 
Q. i 
2· 
I ... : I-NTR-ODUCTI.ON· AND. .BACKGROlJNl) . ·- . ·- . . . . . . - . ; ' . .. . . . . •' . . . . . .. . . . . 
!NTROI5tJC·TI.ON 
me;nt prob:l·ems. t.i.nd the.ir :math~~tica.l models in li_he.a:r·, _programs 
type c·an- "b~ '.fo:r.mul-a.ted -a.s fallows : 
}ifaximize z = 
s.ubj~ct.·_ to the re-st.tic·t:i.QJiS; 
. and 
n 
(. l) " .L..J xij = .l 
j=l 
(2,} Ax. $. b . 
all. X = 0 o·r 1 .. ij 
m n 
L 
i=l 
C. . :Jt .. lJ lJ: 
.line··ar pro.gr~.-ng .,. the·-reby placi_rtg th,._e problem in the :area qf :i.~t·e:ge.-r 
linea-:r progr.a:rnming. ·The problem has .. been calle_d di·scret:·e- :~rograIQm:Jn.g: 
rest,ri.ctii.on o,f'· the variables. . '· . . . . ' . . ,. . '. . . . 
considered. t.o an area which. has been :c::a.lle:d .. mult·i:ple,-chq::ic._E=_ 
,. 
.,~, ... ·· 
3 
. •.• 
'l:111e problem :c:·ati be considered to .. ·be ;a s·i::r.np;l·if'i.ed fo.:rmul·ai>i::Qn: ttf' th.$ 
'J;'h~ scheduling problem w:itb. .. s·.c.ar·ce +-.es.:ou.rc.es c·an .. be -f3~:ated. as: one 
... 
:~. time dep.eti-de-nt profi.t fun:c-t·ion. _s:ucrt. t_ha;t n-o -:r.nachine b:.a_$~q-, .material 
~.. - . 
R .. .. · esources 1.n ; . 
. . . -. . - . . - . . . 
. Pi.~¢~ l'.fa.rt.s· ~ ·:Lrispe.-ct·io.n '-At>.4rs.: ,, e:t::c-. ,, wh.ich are :~vai1:ab:le. For s-¢~ed.ul--: . . 
le.ve:J:... :Trte: probl·em is~ tQ :det·e·rm.in:e. & $:crt.e.·ci1i"Te. ·fdr seq~e:n·c.:L·n:g jobs: 
.. 
•· . . 
resource c·oristr:aihts :are· ·vie.lated. .. ·• . ,: -. . . . . . . . ' -· . . . . . . . . . .... ·. 
Pr.ob:lems to- ·whi.ch .i.n·teger pro:gra_:tn:mtn,g -bas: b.e:e.n a:ppii$:q: ·a;r.e preventi:ve 
····•· · ·t· · · ·· · ·· · · ·· ·h· .;.:J. ··1 • 42 · t· •· ·a · ···1·····- b:. l: "'• t·· bl. ·· · · · -· 47 · .. ,_,. main -en.ar1c:e: s.q -.~ttU· 1ng, cons ·.rai.:r-i.e . re: .. 1.·a 1. · ·i, y ·pr·o . .-: ·:ems .. ,· ~~~fE=Inui:Y 
··7·· .. . l ..• · 'b·" ·1" · · • ... · ·1n.e: . a_ ~:cl.-ng-, 
, . . . . .. •. :43,5._:1 s-c.heduling. · 
of: .n;iµlt.i::ple: ch.a.ice programming in whl:eih. a l:le.ur:isti.c ·approach which 
i 
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OBJECTIVE 
..... ' .-·· ~--. ' ... -. -. - . . . 
¥ 
----------------------------~-~~ 
1 
! 
l 
J 
I 
l 
l 
. 4 .. 
· .. 
z·ero~one f:ntege:r program .. 
solve t:h.e. scheduling problem. 
:])E\TELOPMENTS IN INTEGER PROGRAMMING ..... · .......... :,·· ·. 
-Th..e remainder of this chapter will ··'.be. de-v-ot·ed t.o a- :re;vi,ew .:of 
s:ome t:e-chh~Lques whi~h. h-ave been used 't'":o s.o·+ve. tlte :S.ch:ed11ling problern,~ 
problems: re.quire ·that all the decisi·on ·v~iaoles b'.e .. int:e .. ger va.J_ue.s:, 
I 
. I 
! 
I 
I 
' 
I 
I 
. I 
j 
5: 
I-.f' ··th:e.. :dec.isioti variables ar·e a1·1 ·i·nt:eg.e.rs. ~ an: op.t:imal .. i-hte.g~r ·solution 
.ar1 -±-nt_.eger so.l:ut·i.t:>n-.. . '$his tech.rrique. is .. gep.~rally· .s:ati.s-,f'acto:ry when. 
wor.:lci,.n.g: wi.th. large nimtbi~rs but can; le:ad to erroneous- solut.ions if' the 
sol.uti.ori aft.er, roundirtg· (:c5n·e or more. constraints :Ill@· b·e vio.la.t:ed) 
. ~- ·21 42 
·artd Ob~ai-n.ing· ·ap: O.p·t·itn.al S·Ol.uti_Q.:t;l. after rounding.. .. '· . . The.s·e I)r.oblerns 
are .. more .~cute wh.en ·th.e variabl¢s -are re:stricted t,o vaJ;ues: -of Q: or l. 
In 195·s· JI~ E. Gomo·.cy devel·op·ed .a =m.e:·t·ho:d:, 1-a:i:·own. ~s: the Meth.ad .of 
I-nte.ger Forms,> :f9:r .s:o.·lvi·ng :pure integer programming _probl·em.s . 23· Tfr.i.s. 
was. the. .:r±·rs·t· c:tlgor-:Ltnm a.e·velop·:e-d. th$,t gu.~rant·e:e-~d ·c.on).rerge-n,9.e to :an ... • -·. 
. .• 
.· 
was thought- -~hhat a ge.n·e.r.al me.tho:d cy_f .:$b1vi~rg int.ege,:r· .·;t?·ro:gra:rnmi-·.:ri:g· 
problems was sel:f~evi.dehtly :impossible.6 Since that time, several 
:guarantee op-t::i'..In'ality b·ut near o_ptima/1 sol.uti:ons reason~bly eff'i-
·. •· ... ·· · t· . li _,'32·, :45 mi;._ a1 · th b 1· · r·· a·· d. · .. t th .ei.e·n.: . • · · ·11_.1:ese gori ~ms· .can e· c~. '.as.-s,1 1e_·. · .acc.o·r _ J.ng o . e 
ty_p.e o:·±' ·appro·a9n t::ak.en as: 
•. r,;: 
:(i.) Cµ~t.tn,g: 'pl·ane· :me}tlio·d 
(2 ) Br·a.ri::cn and. bo·tm.d · method 
(.3:.) :P-art:ial :enu:rner~tion .method 
. i 
· rl 
' I
'I 
I 
: I' 
. ;::,_·•,-;·- ,:,1. ".fi,"c";,_'tJt -·-. · ""' -..- , . 
6 
s.o.:iut-.ion s:pace _geometry. The. :.sma.l-lest ·c-onvex ·h,-J~Ll cie:f~n-ed by tne 
e.d conyex .s:.et cJoinc-:id:es with an qpti..m.al extreme po:int err the con.ve~: 
·:fracti:on-al at th:·e·- optimal solution to: tl1i.-.s p.r.olo.1.etil·; the.rt :on:e of t:tie 
non-i~teger var:ia.b:les i.s ·selt~cte:d and .a_l te:rr1ative probl:ems· are- ~fet . . . 
-
up us·itig i-:n--t·e.ge:r ·values in. the vi.c:ini.ty of' ·the. ·se-.Iected. variable •. 
These p.robl.e'.IliS. GM J:>:e· th.ought of as branches :o:r· the t·r.e·e.. Sub--
or·anch..es .aF..e .g;e.ne:rat.eg using values of other variables tl:La.t mus·t be: 
t:ive :runct··i.on value ·of' each prob:lem. qe:fines the uppe:·r bound ob·t:Eµ..P.l:i.b..le 
~vtit.h the $:_el~ct:e.d variables .i·p.t:¢_geri:zed for a ma.ximi,.z-ation p.1toQJ.:em 
............................ ~ .................................................... ~~~~~~~-
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1: 
A subset -s· . -
. .. . . . 
. 
as:·~rign:Erd. qi_ value-. o·f. O or ·:1.. .O!.b.i·.s: :SJib..set. i-s· -G~ct11ed a partial solution .• 
,The: var-iables :hot :it1 the p:artial s.o:luti·on $:µbq~·t are :free variables. 
~y s:pe·cif'·±.c EL.Ssi:gnmen·t o-f' values: to t,tie tr·e.e: :·variables is denoted 
t 
As:.s:ume·, ·a lower 
. . . ' . . - . . .. . . 
'b:otm·d.. :Cn this ·cas·e ,, tb-E:t par-ti.al :.s:olut:ioh :1J3 -sa-id ·t-o b:e ·fat:h'.ome:g~. 
. . . . .. · .. . . .. .. . ..n-.s 
·When a ·:parti--al s,a:lutio:ri containing:· s variable ..s. is: fa~hornea., :_2: · of 
:the tot.al :possibl.e s.olut:f,ons to tn.e:: pr:oble~ :h~v~ l::>.e·en implicitly 
·so:i~ble s.:'ot:µtions: :.nave be:·en :i.mp:1:i·citly enumerated is the ·optimal value. 
r The: fi:rst alg_or.ir;h.m$._ for st>lvit1:g th.e: ·i·nte:ge.r· p .. r.ogr·amnrin.g: pr:.oJo~ 
.. ,-· 
. 
. 
2·3·. · · 1S. ·-2-4 
.19·5J3· · · · and. 19.·oo • · · · The first algorithm uE,,e .. $· ·re.gular l:i·ne-~:r 1;>ro,gr·a.m.--
r 
t 
i 
i 
I 
f 
' 
j 
l 
_,_,,.,, .. :,,,~~:.,~:z-.·. ~----------------------..--..... -----------------
;The· new 
.. · 
. . ,. .. . . 
. Thi.·s·: :p_r-oce.ss· :i,s:. rep:~-~t-.e-cl ·lip.t'.i..+ .~-- 81.J~ t,.n.:t,eg:er :sol-ut:::ion ,i:s obtai-ne.:d. 
• 
with inte.ger value:s comput,er rc>und-off er:r·ors= ~r.e e:liminate:d .. The 
. .. ·. ·. 
. . . 
. al·geritlu.ns o.-r m5-nor. ·vari··at,icns: -b.f them are recorded i·n ·-pape·rs 'b·y 
- - 3 .• .. .48 2·9 B~ins.k.i.:,. Tra.u.tih and Wo._olsey, ·· and Haldi and .I.s-_aac:son .•. · ---
convergence. ··For .a d.etail.ed ·discussion o.r.-· the.s-e, ·al·gQ:r·j.·t:l)trls :refer-
• d.. ~- ·. .G·-:1· :20- d ·y 5 3 
.. ence 1s ma. e '.-yQ . :_ oye_r an · oung. 
'· 
'" 
'" ,[ 
"' 
i 
i 
' i 
l 
l 
• t; 
7 ... · 
... •' 
4 
.. 
· 30 .· · ·.·. · · .... · · · · . ..... ..... 964 .·. · .. :d~:ve.-I_o]Yed by Healy in 1 · •· · 
, 
·9 
Th-'i·s_. 'aJ..g·o·ri thm .wa$: ·de~igne·d t,o s.olve 
z:e.ro.-one i·ntege:r ·programs of t.11:e mu·l-tiple-choice typ:e •. ·The: met:hod .. 
. : .. 
i.s. :·init::tate.d ·oy a simplex solution to the l:i.nea+- ·ppog:r}axtnnirtg_ pr,6b·1em .•. 
:pr.ob.lem ··nth all ze:ro~.one variables. The obje·~t.ive 'r.tl.r1c·t.ion i.s. 
. ·: •.• .... · .•.. ··· .. ·•. .:· · ·6·. ·. 3-.3 Etlgor.l.thm 1,n 19 . O·. · In: the· ·LM:a. :an.a. I)oi:g metlro·o. -~ the _pro1)1em. i.s 
£--or- ea-ch .Prot·iem. The. value. ot th·e objective. ·fimct:ibn de.fi·nes t.b..e 
.. 
Th.e pro:JJlfetti i:s- so:1ve,d at 
t:he ·Optima.l S_l)lUt:iQh ··rras oe·e·n fOJm.d .•. 
I 
f 
'I I, 
i j 
I 
I 
I 
i 
i 
·• 
... ·. 31 Hillier developed a branch_ and bound algorithm which proceeds 
by obtaining tight bounds or conditional bounds on the relevant 
values of' the respective variables, and then identi:fies a sequence of' 
,_c,onstantly improving f'easible solutions by scanning the .relevant 
solutions. This technique is based on the assumpti.on that the optimal 
non-integer solution is unique and a good feasible integer solution 
has been identified. Computational experience with this algori thin 
is presented in Hillier's paper. 
l Alexander extended the original i.deas of Balas in developing a 
branch and bound algorithm for solving the multiple-choice problem. 
-Th:e algorithm employs a backtracking technique and a state vector to 
re·cord which variables have been assigned a value of' 0 or l and 
indicates which variables are free to take on a value of' l. Th..e f'irst 
phase of' the problem is devoted to finding a feasible sqluti_on (not 
necessarily optimal). The next phase searches the remaining tree 
·s'tructure f'or improved feasible solutions until complete -i_mplici t 
enumeration has been done. The best :feasible solution is stored in 
the program. and becomes the optimal solution when norm.al termination 
occurs. 
·Branen en.d bound methods seem. ·to be best suite-d -for solving mixed 
~nteger· problems: where a small n11mber of variables a.re· :required to be 
integer valued, otherwise the amount of' computation bex~omes prohibi-
ti·vely large. For additional information on branch and bound methods 
reference is made to a survey by L~wler and Wood in 1966. 35 
All the algorithms discussed so :far require a regular linear 
I 
I 
I 
l 
I 
I 
! 
I 
' 
' i 
l 
i 
I 
! 
i 
! 
I 
I 
fl I 
' I 
. _ 
11 
to ,.ql:)t·aip.. an optimal or ne.ar~opt_i-mal. is·oluti·o.n. t.o the-:. z·ero---one: i:r1t·egen 
·ptQ:gfam,rniJ:tg. _:p.roblem. Bala!:r2 ·:and Glove.r-·2·.o deve· ..lopeci. efntUne:rative 
$ GP~·:rnEes.· :for· :s·ol ving 0-1 integer prograJill[):f'ng ·prt?.bl;ems which do. ,not 
th.~t· op-timal. s·olu.tions to zero-,on.e· :p·rob.1.em$. could be obt·ained with 
co.ns.,±.der'ably l.ess co:rnput.ational time. than that- required by b.ther 
m:<=.thod$. ,. .. These t'e:·chniqu.e~ Ja.re: i·n. the. ·a.r:e·a. of .implicit. e:nume:ra.t·ion 
-me·th.·.ods fo·r s·o1ving inte~.er li.rtear J?:t.o~r··a;rn:mirtg problems • 
Implicit enumeration as a techrtique f'O:t' solving zero .... one :integeJ 
p:ro:gr-Ell!lm.ing probl·erns ... began with ·the ·work o.t· Bala.s2 when :he. t:>ub'iished 
I 
I hi·s. additive algor·ithm in 196·5· .• 
·re.qµired b.:y meth-o·ds· using regular -·linear progra:mrning: solutions, in 
I 
:done· in this f:i.:eld. 'l!lie .aJLgorithln :implicitly o.r ·e·xplicitly enutneratJs 
all p.otts:ibl:e soll1ttons tr:irough a s·y$tem.~tJ.,.c: ,_appr:oach which is·. :essen-
·ti:al.ly-'. :.a b:ra.r1.ch and: bound approach... 'rli.~· :&.lgorithm begins PY ··a_. 
', 
f'oun·d., -a. ··o.-,:ound on the, ooj·e:ctive function value, .is· known. Usirtg thi.s: 
1:tounci, arid ce·.rtain inf'easibility tests, e·ac-h b.rartch o:f the· t·ree .i.s·. 
·-inve·s·t-i-gate·d to determine if art i:rnprov.e.d.. :solut-ion i·s 'p.oss.ib.le:. 
improite.d. :s:e;,i~t.ions are :four;rd ,. the bc:ru.nci is changed. ~e s.e.arch 
'I\,.. ~
J 
I 
I 
will ·be available if the PW-OG~s~ is ·s_topp.e .. d pri.o-r :·to:. nl;ttur:·a_l t·em.lna. .... -
t ... '' · .. 1.·.on. 
··T.Jie. ~esul ts o_f· -comp·-ut:at·ional eXJ?,eI?:j.·.-er~:.ce: wi'tll_ B.alia·s r algorithI.11: 
ari.4 v-1:JXJ.ants 6t' it ·can be to:tln4 j..r,t studie.s made by Freeman, 14 
13· .. ,' 4.·1 F. _, 1·.-· e···_· · __ ·.i· ·s· · ·. c·. ··t,.._:.;..,;.. · · an·_ .·. · __ · ·.n._ · __ ·_ ,_: .-: · .:_ · ·an-.. ·. _._·d· P t 
.L·uu _ 
_.- e . er_s:en .• 
. , .. 20: . . . •, '"• .... , 
. Glove:rr · · · ·e:xtende-.d. the :id0eas of Balas 91.1d developed new ·tes··t~r 
t·ion·· was the ·i-mpl:en1entation o·f a. b·,acktracki.ng t·eqhni.quE=.- 'me s-e.arch 
:is- c:ont·~tnue:d along a br~9h urrt.il _a b:ett-e.r· s-:<:>'lution -is. ob·tained· .or ·a 
:rJo<te: ::ts· r:eached which :pron.d<es i-nfo.rmati.on· ·t.hat the remaining port:ion: 
:o·.:f the: branch. can b.e •el·.inrt·.n·a.t:e,a.. The pro-ce·ss backtracks to the 
.. st.·orage :requi·rements o.f the· algorithm.- G-ltrver, also,: :Lnt-r.odu.c::ed the 
idea .of' U:sing a constraint called a surrogate const·raint20 •2·2 t.o 
·therefore~- any ;:feasibie solution of' the surrogate cons:-t;raint i·s _e;l.s·o 
feasible in the original problem.· 
! 
' l 
l j 
~ 
_,. 
Gt;off'ri·on: c--ombin.ect the ·backtracking ideas o:f Glover wi'th some: 
Jit_ronger t:e·s:ts , ·than the original Balas algorithm cont-ained,_ to 
g.e·p,er·ate a ~mo.re efficient version of the algorithm. l5 
Lemke l:llld Spielberg36 •37 developed a direct searClt algorithm 
wn·i:ch· fn1.·t1.ally :L·ndi.cates. ·c:qnsiciere,l:>.'le:_ improvement ove:r ··th·e additive 
aigo-rit;hm o_:r Ba.1,as .. I'ii th.ls a.lgori thm, a sequenc~ ve;ctor is used to 
reqo_rd the. vari-a.bles that are free to be a;~s},,gp.e:d a value o·f 0- o.r- .l 
at- egch.- trtep.,. All movement in the _proce-dt.we _·initiates from th-e last 
vari~b-i~- de:f'i_ned. _i·n the sequence vect:ctt. '!'IiE§ vector is a record of' 
the ~toluti'<)nS to :be investigated in· th_e ·tree: structure. A subse·t 
c1.f tl1~ ::f:te:e· variables, called a; pre·:r.e:rred. s:-et ,. :;Ls: defined. by idepit_iiy-
·fp_g: tb.ose variables which, when :set- .eqµ-aµ_ to: ,011,e-, -woul:cl cause the 
cqrt_str:ain.t:s. to ·t-end toward feasibility- .. - TJ±,e procedure· terminates 
when the 'stoate- vector indicates a1·1 ::po_s.9:ib.le: so,luti-ons have been 
-cari.celed.. The algorithm will generally co:rrt-aln ·a fe:ag:ible stflut·ion 
even ·:t:f :·;no;rntal termination- doet?· not occur. 
34 -'' _ . -·_ Lawl_e.r· an-d Bell q.ey~_lope·a. an algorithm which ·is :feasible for 
prob-lems :in ·-wh.:i_cn the: t1umb·er of variables is :fairly small. A lex_i(?Q""" 
g_r_aphic -cJrde,riII._g: '<)f· all :~rolut-ion vectors :J.s generated. The p.r'c)blem 
·which. w1·11 e1irtµ,n-ate por-tidns: of the :li.-st which will not -yieI.d a 
'b(=tt·_e·r .solution ~llcan t·ne- one pres·e.r.:rtly known. 
- _ 12 Echols and Cooper presen~~a -a.n- algor:ithnl wPic4 S:ives .en 
approximate but ·:rairly rapid method :for solv-$.ng integer linear pro--'. 
gra;mmi ng problems.: 'Ille constraints must be in the form of 
Ill 
i 
[ 
'" 
I, 0 
I,• 
l 
I 
.i.s: a s:eaxch :rot~· a -feasib'Ie sol-q-ti .. on. :in the direction o.f -a ·con:;1:t·ra_:Lnt: !t 
some v.ariabl:e to one-half i.ts value- an-d :uses Phas·e I :t.c:):: find a better • 
rtte-ntir1g: pr,o·c:ess. Phase· I~II .art.d :Phase ·:tV ar.e- µ.se·cl t:p mov~· .. a,vray :tr·am . . ' 
I:r1-
~:o·tfr:fo:n.. ptibl:ls·ne.:.a_ :an improved impi_i-c:i·t .enUlneration 
.. : .- . . . 
approach for .. 16 s.·o.l ving.: int.eger-- pt·9g_r1;3J11Jii~p.g problems.,._ · · ·- .i The :algorithm 
is a modi:ftoa:tion ·o-f· B,alas' .add-i.tive .algo:rtit.hin: with- e_mphasis on 
solutions. Ge:of'trion s:howed t-hat. a strongest surrogate constraint 
c.oul-d 'be det:ermined .. by· solvin._g a .linear program of' the f're-_e variab.J.~e:s,. 
'· 
'lli.e idea o_·:f 1.l.$ing. an imbedde.d 'linear progrl3JP.: to: c.a.I:culate- surro_gat·e: 
c.ons.tra.int~ ::h:as shown the algorithm to bg ~P.P~:rior to five otb.e·~ 
:L_nipl'i .. c:it enumeration algorithms for which· comparab.le published 
. 
• •.• '~""''·'~'"" ''"" 2• , •• ·' - .. ' • 
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. I 
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: . 
• 1 
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• 
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.15 
............... : .... • .. . . . . .•. . . . ' ...... ;, 1· :;.:.. l. 17 e:xp.e·rience .is av~.·,au. e .• ,· Thi:s ·te-chnitrue .i:s the basi-s for the· 
The. ·:foregoing_ was a reTiew q:f tn.f= d~ve:ldpmeti:t· and :s:t·atus of' 
in.te_ger p.rogramming with empna.s-:is on zero-one integer·· progra.mmin:g. 
JAn .at·te;rp:p.t WEtS made to prese.nt: the major te.qhrii.q4es a.rid the high-' 
light.s of· the specific algorithms. availab:le: t:qd:w-·. For a,. ,more: c:t)mpr:e .... 
he.nsive review of the subject, the survey P8;I)€:i,;f:i ()f BaJ.:tn·slQ. ,3 
.. . . 6 35 . •. .. .. ·. .. . .. 26. 
·Be,.ale, Lawler an:d ·wood, an.d Gue,, Lig;:g¢t,t- -~a. .:CJ.ai:n.. · · · ·are: t-e'c·omme·na:ed .• 
s·olution;_. .'!'!Le·. a.lgori.thn1: :dev.e.lope·:a. he.re. 1,ti.J~l provide' a ·s-econd :method 
. 
.· . 
as app:lJ,:~·a: ·to. :tb.J~· getie:rrtliz.ed. schedulipg· problem w:fth .. ,a·c .. arce. ·re,s·our.:c.es .. . •,. . . . 
.. ; - .• 
Be.t"o:t~· pres(;inti~g the computatiot1al procedure a revi-ew of 
.~: 
•• 
' 
'!" 
16 
~he· _scheduling or sequencing problem can be stated as ·one in. 
·wrfiic'.b. n jobs must be processed by m machine centers to optimize a. 
time dependent profit :f:unt!tion s.ucb th·a~ no·- :m~chine ba..s~d, material-
lo~sed, or time. based. ·r:esourc.e constrai.rits: a.re: vi:c,·1at·eci.. The-: 
:lir.nitation·.s: ar·e.- placed· on: t·4e: configuration ·of tJ:1e .m'achine, ¢.e.nt·er.s, 
tl1e: met.h:od in :which jobs ar_e assigned to .;m.aob.·ines {:except for s 1e·-· 
·querice .dep.E=·p:dent set-up t:::[rne:s), the order :of'· p:rocessing jobs -on 
. ' . 
. 
ma/chi·nes:, ·or the form oif the, objective funct:ion ( as long as i,t i..s 
ovE:fr 's.·ome ti-me. horizon t:o. ·1:.nsµre 91}~-:r~t:.ion :G.£ t·h~ ·shc(p fol' :s'o:tne 
. ~ 
.. 
,_qemand le·ve:1. For sc:hedttling: pttrpo.se.·s j_t. i:s as.-s-t1IIJ.ed ·t·ha-t, each 
. •. 
re.sour-c!e .i-s ·f.:1-xed Cover the :_s.c:hed1.1l·ing ht>:ri~:_ori} :~t· :a_ c-ertain level 
'e.ach- :-:rte:.Scfur·cJe· ,must be at tli'e: s-ame le-veJ~ r·or·, .a.'11 ti-me periods within 
·tn:e. J:to:r±-2;::brt·.: ·variations i-n rna:¢ni-.r+~ tiJI1e :-~ya;:LLabii±.'ty occur when 
b.e :e:orI111lla.ted :as, :a zero-one int:ege:r progra.mming problem as follows: 
m n 
Ma.¥i-mize z - L L C .• x.i.j . - i=l j=l 1.J 
•. 
f 
I 
! 
l 
' 
' 
. i 
I j 
-i 
I 
l 
-l 
l 
1. 
an ~: .. . . u 
. . . . 
m 
E j=l 
::::· l 
.• • • :::rn. 
k:::il, 2 , . ... • •. .I( 
whJ~re X .. = 1. :i·:r.· job ·1 .is- scheg.uled. t-o lle .s:t:arted :in 'time p:e:r·iod- j-: lJ 
0 otherwise 
. -· 
and c .. _.j· de:notes the pro:r·i.t of start·ing: j-ob ·± in --t·i,:me ·p·e .. r·iod j .• 1: 
.. 
k .... 
. A. . denotes ·th~e axnount· o,f resource c·on-:S.tmli<=-d :·1-n time: pe.ri.c:id k. lj. . .. 
by· job ·t g:tven: tnat job i is :sjj-~te,d .1.n: td.me pe'r_i:o,ci j .. 
period j ~-
m denotes the t.ot·a.l number of: j·::ob'S avai_.:L~b-1e· fb:r· ~·.c.b.e'duling·, 
rt denot·e:s the planning hori zort .. i:z1 some tJ.;rn~ m.ea.s.::ttte. :(hours ,: 
day-s:, weeks~ etc.). 
"k 
··de·notes the number of time perio·ds in which a scarce re.sourc,e 
is constr-ained. 
:'I'h..is formulation ha.$ a structur:e, as shown in Figure l which 
result-s in a zero--on-e .. integer line:a.r program with m(n+l)+k variables 
and m+rk rows in-.cluding slack var .. i~a.o:les, where r is the n11mber of 
scarce re·so.urce:s. 
:There:: ar:e: no restrictions placed on the· c.oe_f:ftcient:s of the: 
phje~t.ive :function. Since the cij 's are as.sociatea with time it c@ 
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a cextain 1:ii:rrie :period. J:t the C:t;J are monotonicaJ.ly decreas.J'.ng with 
j t·h:err the .qpt,:imt:tl s·o:lut:ion. 'will. ·te-n:d to. ·st'·art- a.1:1 job's ear4y i·n t.be: 
I:r :c,_ •...•. _j, m..onot·onic:al1y: i.ncrea;ses. ·with _j:: theri. th~ j:obs w:i.ll. , 
~· ~ 
. 
The ·;firs:t. int.ege.r l·i:-ne~r J.?ro·g_r~i:ng model for s.·c:tlvt.n-g the 
52 machine $Qhed.u1tng probI.ent ··was ·p:r·oposed by Wa@'.l.er in 19:5_9. ·· Wagner 
to itis:ure that (1) a- j··ob: will :b~ s_qh:e;=-q.;i1,led ·onc,e .,, an.d. on)l.y once, on. 
-a ·machine , ( 2 ) t-h~t no: mo:re· than. on·~ j (Jb wt:11 be. asi:t:i.gne.ci t,!l;E= j th 
artd :each j:olJ .• : ·Qf 'th,.es .. e :C()r1S1tra:in.t~·, o:nly a.. f'ew relatie>:p.$ ·'vf·ill 'be. 
·s.ol.ye:·a. wi·th.out. c.onst-r-aint s:et. (3) ari.d ·t.:hen ipt;roduG.e those equati.on:s. 
_m$n_irni.ze proces.·s:ir1g ti.me.,. ·Th.is: forn:ntlati.on invql ves a la.r·ge· number 
~ . 
..•. ,-,~-·--·,,,,_,~.._.,-~.,.:,-";,.-.-,,~,--,,~\<J\'l-k-..!a~iA;..;::.1,...:.;,,_.,~;- ... · ,.,.. ,-•. -.- .... 
!t.· h.-g;s· ])ro.vided a basis f'o.r· :r~t·u:rE= .work in this· area such. as: -that done 
··. 8 38 .. · . . . 4:0 py-· ·Bowman, Manne, and Pe:t_e,rsen. Bow.man modif'ied the objective 
fl.met.ion to f'orce scheciul.ing. early in the periods. An analysis or· 
.. 
:s·eve·ral. c.omputati.on~l; -me·thods· for sol,titig the classic three-machine 
I, .. 
. 
I 
/''·· Q i 
2·0 . '·.: 
wn.e. n· ·c:o:r1 s i der.ing. ·th:~ c.on ve.r.gen:c·e. pro·p:eJ:'.'t ~es .• 
J?:titsker an,,d Wart;..ters 42 ' 43 ha.Ye :p:gbJ.J,$he·d, a rei;iort Which d,e:fines 
a z~:rp--on:e pr·ogrE1:m:mi:r1g ~pp:r::oa·cr:L to schedulin·g. w.:t:tll ·it..Jti.j_·te·d. re·sourc,es. ~- . 
s~heduling, Jmci tas·k s$q1.1encin:g. Tbxe·e ;p:oss.ib4~ ob.j .. e.ctive functi:on.s: 
The Q.-.1 var·iab.les are used to indicate:, for: se.J;eq:t d.isc·ret,e t.ime 
:11~·r:iods , wheth.er or not a j.ob has been ·corr.rpl:~te.d.: ... 
Other ap:p.roache .. f3 to s·ol ving the .sche:ej.µ_l}r1:g p:rob.'le·m are, by 
b·:r:a.n.ch and. ·bo1md teGh:r:iiqu;e:s ., 1~ 5 simulatio·n. ·an.cl Gantt ,charts:... A s·urvey 
. .... .· ,.; b ·s· .. 46 
.of'· the·s.e :methods can be· :fou.nd 1n 'a;:p:ap.e:r- .. Y· · is son. 
.,. 1 . 
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PROBLEM FORMULATION 
OUT-LINE· OF THE: PROP·OSED ALG(J.R!·THM· 
••••• ,. • •• - ••• ' • ' -- • • • -- . -; u . . . ~ .• - ' • • - - .•• 
In Chapter II the $c.hedt£1"1..rtg: p·roblf=m, was· ·a.et:fn.ed. :fn: ··i;erms, Q:f' a 
z.ero-one iri-t.eger program as fo-ll:.oVR _: 
m n 
L 
i=l 
Subject -t·o the restri.ct.ions; 
n 
L xij =_ i j=l 
and 
n m k 
for all i = :_1., 2· 
... ' 
I: I: A .. j 
. 1 l 
X .. ,15 .b 
'ij .. ·····::k .k = 1 , 2 , • • -~· ,, ~K: j=l 1= 
and all x .. = .o or· 1 ij: . . .. 
••• ' m 
p:rob·lein is evidenced- by the 1a:t:ge numb.er ·or sche·d11li)1.g- p:roblems that 
:arise- each ·a.ay which. re·q_ui.~e:· .a: s·o-lu.tiort. 
,; . 
Cqmpl.et.e. ·enumer·at.i·on can be :con·si_dered a .. feasible -appr:oa..oh t:c:;-: 
obt;e,~n±n:g_ -& s.o:lution only :in tne :most t._rivial problem. Slipp,os-:e. ~ther.e 
ar.e m. (jobs): multiple ch;oi:·G.~: con:s.t·r.:aints ,in: a given: :_p.r-ob_l.em. artd ·each 
ab·l~ i:n. ~·adh :c:ons·tira.i-r;rt -c.an take on a v.a1ue: !_o·:f: :.l ·®.:~:l -$~ll :.o-tber. ·variables 
ifi that. constraint must take on a value of O ., tli~re are (~ ) or n ways 
CJ.'f .s~lect-.ing. ·s:::ome· 'tta.r.:iable in ea.ch -c:c)n·s:t-rai,nt to take. on ·the value of 
]_. Tperetore_, in. a· p·robi.~:rn ·containing m multi:ple -c:hoice: constraints 
" 
'· 
j 
l 
., 
•, 
5 
I 
·l 
l 
·:t.t :give;ri_ :p:rob1em. h:as. -6. (j:ob:s 1 :ni11Jt:rJ.1:le ·choi;e:e., <}o·n:straints- :wi;th. ·4 
·Th.is problem -h~S·: :24 
s··oJ:iut,t o.ns·: • For· a pr ob :L.$.:r:o. w±.t:bt B 
4.· ... . . 8 - 6 ··· o v~ri abJe$ and 5; o~- :39{). , .. · ff5 
•,-. . 
,. 
·enumer,at.ion wc,Uld :not ··"be very· e:rficiertt. 
The 
•.' ..... - . 
. (
:.number o·f ·possibl_e soJ.ution:~r c·an oe: excluded. ·from. c.onsideration. The 
,at:E=d.. ·The·re.r,·ore., yte.· have. :an impli·ci:.t enumerat;i.on ·:algoritJun... fig:ure 2 ,·. 
shows: a. 1rranoh .and bound .. ·f:r.amewo,pk for the impli-ci.t· en11w~rat.:Lon. 
:t:t'l-g.ori·tmn. ·used tt,. S·-olve t·he sch.eduling problem .. 
t.o ·exp..r:.eE;>"~ ·tne: s che·.duling J?r9l:r_l.e1r;r: ·±n th.e fo.rm. stio~ qn the· next p'.age ,· 
Tire var.J .. a"bl:e-s- in .. afi e.qµci.li.ty .oons·t·rairtt w:i(l .. l b·.e oa.l:l·ed a set of . ·.. 
. 
vari,able.s:.. It, ·is: not r~quire.d. -th.at ·all th'e· ~quali..ty constraints 
.c-or:rtai.n. the Sa.me ntnnb·er ·of variables. A column: o.f ·all z·eros will 
elimi:nat.e a t·trne p.~ri·<)d from b.eing consi.dered. when $ cl'ieduling a 
.-c-~------------------------------------
N 
Ma;}Cim;i.4e Z = L cj :xj 
j=l 
n 
L 
j=l 
·- .-,- <·-·_- ·u··· 
. .. . . 
: .. -~·. :. : 
:and 
COMPUTATIONAL PROCEDURE 
2n 
I: X j=n+l j 
... 
= 1-
3n 
L j=2n+l X =l j 
• 
• 
• 
N 
L :x/=1 
j=N-n+l 
-~-
Re:ferring to Figure 2:, ::s, i,s. _fa ·s,tate· vector us:ed- t:o :re-:cord th-e 
. ~-.:,:..,_.:,.•(. 
value o:f l. A zero in p<:>sit.ion: j O:t' S means that Xj is :free to be 
a;s.::s:i:e?:7led a value· .of' l. .A :po.si t_ive number in ::I?o:s.-it_:Lot1 j of S means 
that Xj=l and '.3- negative number in positJ,..ori: J of' S means that Xj=O. 
Unless an _initial feasible solut·ion is. known, S is ini tis.lized by 
:s.ett·iing_ -all var.iables free. . ··-·The l' vect::tJJ:9 is defin~d as a 
' -
- - - ...... __ \.-... ,. __ .. --- - -
i 
/ I 
1 I 
~ 11 
' ; 
! 
f 
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i 
I ! I 
r_-_·., 
j:· 
I, 
,, 
:-- ' 
j 
I 
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s = Co ,_o , o , . . . , o ) 
define Z = (sum of 
cj from each set) 
• 
min 
Def'i.ne T :::: Ca temporary group 
..---------------------~ of variables which are ~ree 
to take on a value of 1) 
Backtrack 
~----.... 
Solve the imbedded 
linear progr8lll using 
the free variables. 
Linear Program Solution 
3....,...1. Infeasible 
-
2. Feasible-non-integer 
3. Feasible-integer 
2 
Can these branches 
of the solution 
tree be abandoned? 
' Augment S with some j 
and its associated 
variables in a set. 
' Does S define a 
feasible solution? 
-
.._ ____________ _. No 
I 
Yes 
~r-------1 
1 
Is the linear 
program to be 
used? 
No 
~P""------~ Have all combinations been implicitly 
~Y~e~~--------~.,... enumerated? 
Yes 
Figure 2 
f 
TERMINATE 
Store this solution as 
-the best found. Set Z 
as the new lower bound 
of the objective·func-
tion associated with 
,.. this solution. 
A Framework for an Implicit Enumeration Algo~it·lun. 
I 
I 
I 
r 
.: l 
1 
I 
l 
I 
l 
. j 
l 
i 
i 
t 
\ 
.-.,./ 
'.2 ...•·5: . . .. . 
'det·er:rnit1:e.c:l 1.Jy· .consi.der:in:g ~·he .:fic . xed ·va.r;ia;blE;s ,itl S an.d. ·t:h¢ conditional ·.•. 
·fe:tis.'i.l:)i-lit.y of the ittequf:l.lity constraints when .certain v·ariables 
.are set equ·a1 to 1,. ·TAis t:emporar,y :group ··o.f variables· de,fines- the 
. branches o-f ·th·e :so.lut.io,n t.re·e· which lllay be se·a:r,cheo. for· a so:lution_. 
-:known .· Z w-ill. be de:fined 1is t·he ·:s-1immati,on ·of the niin·:tmum: C from . ·. '· . . .... ,·.. . . . . . 
.. ·. . j: 
e:ach set of variable.s .• 
I:f the prt,.bl·eni· '•i,s: not st.arted .i'r.o-m a know.n ·±'easi'ble t3olution,. 
gram.ming problem on· the t:i.r:$t. ·ite·r-:atioti, then a f..easible integer 
. 
not t·h.e. f'ir.f?.·t: j.t·e:ratibn and. the . .i~in~:a.r progra.mming -s.o)1Ut;i_on .. is :in-
fe:asi.ble., th...en ·a. bi_.na.ry ·i11fea.sil,1e :surt'o_gat.e: ,c:o·ns·traint e.xis:-es· @d 
b-r.a.rtch ·o:f' ·the solutio.n t,r-e.e .•. If the ·1·ine,ar progra.rnmi ng soluti-on i:s 
\, 
- - -,h ____ , -~ ·- '• _, 
\ 
-a- Variable: X i·-s select:e.d. to: b!e ;S'et enu .. ~.·.·.l ·t,o one-. :The· 18 ve.crtor· :is· . . . . ..j ":1. 
a.ugrnente·cl_ n:t:h the s.e.lect_.e-d va.:t""i,.an_l~ a.rrd f·.t~- ~s:sociated variab·1,~s-
.. ;itl a-, :s·:et-. The. se:l$ot._ed ·variable is :se.t e.qual to +j and the -~s.s:.oc·iate·d 
vari:·atrles ar:e. ·set E{q_ua;l to· -j in JS. :'l1he. augmented p.r.ool.en1 i.s:: :now 
B_~cktrack.irt:g ls: ac'cOmpl·i.sl:ied_ by Pett.ing some var.ia.b,.le .or variables 
.t~ef2 ~- thereby n:1oy;tn_g: b:ack ·up. s.onre- l;Yr-·an,¢h o::f'· th:e· s olut_i,ort tree to allow 
all po~rs·.:iJ:~l"le. 'eom.b:in-ations- o·f ·the variables. have been impli:ci:t:J_y ,:o:r. 
e>tJ?li-c.it:ly,- e.nu.rp.e-:r~--at·$d .and the optimal solut-i.o.:n-., or- e:vidence tnat ·no 
feasible soluti.on exists, is found. -'rb.e soluti:on proc.edure: cl.~:sc-_r·ibed 
j 
I 
I 
! 
• I 
2. '7 I 
J 
' ~ 
1-
. t: 
;: 
.i 
l 
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,· ,· 
GENERAL DISCUSSI.ON 
.,.. . 
A flow d.iagra.nt o:f: t:he· cbinput·.l:3.t:io.nal 1:rrb:ced.ure devel·ope.d for, 
·.~ .• 
s.che.dulir1g .p:rcitil.em. :formulation w~$ .. pres-ente·d in ChaptEfr :.I)(. :tne· 
A ba~,i¢ reqµirem.e'nt fb:r the soT.ution pr0¢edure. is that all cj be :pos:i,-
tr-i ve.. ·r.iThl.i.s requirement does- .not ;r.e•stri.·ct tn·e prob:lem de·fipiti:·on 
sinc·e a ,si':trf'hl:e t'·rans formation. Q@ be ne.r::f:orm.ed :oh anv .. '' ,~.. vari_a.b.le '.t' 
.J:' ', '.,, '' J 
.; aSSQC:i.,at:.e:g wi·th a negative. valued. ¢·j·., W:bi.cfn will t·r:ahsf'orm. t.he. C .•. 
' J 
to: 
a p.o.sltive value for comp1Ji;1S1;liio11al purposes {example let xj ;:: .1 - ' ) X . . ·... ,.. 
·Pri·o:r· t·o :.:so:iv.±·ng the problem,. :it: :t·s :s,·et· up· s.s ::. 
N 
M:a~i11)i.z.e z - j~ c jx j 
subject to; (11 ~xj - l =; o :Tor each set 
(2) AX - b :S O· 
J 
sat·±·s·tied whe_rt o.n.e .@cl only o.ne varie,ple f.ron.1: .~:a:ch ·s.et is equal to J.. 
·in a :feasible solut.:ion... ,I·f }f is. ·:de;-firied ·a$ .y ·;;::.· .AJC~b. ·for each in-
one and ort.1y one: variable :from :each eqt1al:it·y constraint is: :e:qual. 'to l4' 
STEP 1 
The step-by-step s:olut.i·dn pro·cedure is expla.i,ne.d us.in.g: the :flow 
di&gr.a.m. shown in Fi.gure. 3-. .Appropriate comme:nt·s: ;~e· :made re.Iati ve to 
\ 
,·,,,, 
..... ~- . 
,, 
·.:: 
\t.\ 
':tt 
~ ·, 
... 
1 
2 
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s = Co, o , ... , o l 
KN = 0 
ZS= 0 
Z = ~(min cj from each. set) 
.----~ ... Define T = (j free such that 
3 
4 
5 
aij ~ I y 11 
Is T = (Empty)? 
or 
If SOLN = 1, is ZS+_ ~(max c. 
f'rom each set f T) > Z? J 
No 
Is imbedded LP to be used? No 
Determine 
KODE - 0 -
Yes 
status of LP solution 
Terminate problem 
Yes 
KODE -
KODE -
·6 
11 
Generate surrogate c:ons:t.raints 
Nattiral integer s·o.lution 
KODE - 13 VLPS +ZS$ Z or solution is 
in:feasible 
KODF}::6 
Figure 3 
::Flow. Diagram for Solution Pro.cedure 
r 
i 
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If SOLN = 1, is ZS + L (max c. from each 
J 
set f T) :$ Z. 
No 
7 Is any set which contained a free 
variable in S completely excluded 
from T? 
Yes 
8 Compute: 
m 
E Ca .. 
i=NI lJ 
No 
II 
+ Y. ) + E (.ASC. . - BSC. ) f'or 
1 . l l,-J .l 1= ... · 
each j f T.. Select that Jo which m&ximizes 
this quat1.t.ity.. In case :o-:r ·ties sel.e·ct: that j 0 with the max cj. 
9 KN" = KN + 1 
Augment S with the selected jO and its 
associ&te:d v:ariab·les· in a s~t. 
s. = KN, 
Jo 
Associated variab··ies = -Kl'{ :i.f not already 
negative. 
Yes 
( 
; II i 11 
! I 
: 1 
' ·1 
f 
l 
' ' 1 l II 
I 
! 
.. 
' 
lO 
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y.. = y. + a. j f'or all i . 
1 1 1 O 
If SOLN = l, ZS= ZS+ cj 
ll r·s one variable from each_ set 
1-------~equal to l? No 
12 
Yes 
SOLN = 1 
A 
X = those components of S with 
positive values. Store as best 
:feasible solution fo·und .. 
- ~ 
. Z = ex or Z = ZS if there was a 
previous feasible solution. 
Find the larges·t positive ( > 0) term 
j o:r S. 
m 
I:f none , TERMINATE: •. 
Otherwise, se,t-
KN - Sj 
m 
s j = O for ail j sµc;:J::L that IS j I > KN 
= - KN 
\, . 
; 
l 
! 
I 
! 
; 
i 
I 
t 
' 
i 
14 Y. 
l 
Y. -
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a. . f'or all i. 
lJm 
I~ SOLN = 1, ZS= ZS - Cj 
m 
15 Are all variables in any set now 
equal to.zero? 
No 
Yes 
Ii 
' ~ 
I ..
1: 
' 
' 
' I 
I_ 
/ 
j j 
t 
de:::&inecl. as t:tre. cur.r~nt- ·value.: of ·the. :o.bj:e.cti·ve: :function· ait any st.~ge 
:of the: solution ®.d i$. modified .e.E:tch ti'me .. a- variable: r·s 'b·rought .. int:6 
~-
'f'e:a.sib-J;_e soluti·ons found.- z de·f·ines, _q;- 'lower bo.und of t'h-,e ob:jec .. tive: 
~ 
.; 
c ·:from e·-acl1 sret.. .:zs: and ·:z: :are: i:ri:tt·.:tal.ized. ,at t-hi.s ·time ·beca.u~e: t.1:tey ·.J: ............... ·. 
are us eel ~-n E=val.uatin.g tne i·moedded. li-r.1.·ear pr:crgram. ,solutj __ on ~ ·.'I'lie' 
~ . . . 
t·io.n. ·would be· ·t.h:e:~ :min.1mum ·c:·. from. each- ·.s:et. If' f' ·bl · ·1 t·· · · ......... j . .. . . .... ........ .• ,a. ·-·eas:i._. ,e :s:o.··u.::i:on 
is known a pri ..ori,.tnen the so.-lut1i,on. ·pro-ce,c1.ure c,a11 be, starte:d 'i?Y 
:i.rii tializing :S ;: ·ZS: an..cl. .Z ·wit:h .. the. ap11r:opri.ate values .. 
-~ ch:e.ck. is -m~_de to det:e·.rmi:n_e if any x ·ml1st ·be equal ·t·:o ·o::-. 
. . .. ·· - j ··Thi:s ~chexik . ··.·· ... 
:t11ay not b-e Sche;d1Iled., 
STEP 2 
.34. 
At :s,te:p. 2:, a vector T ·i;s defin-.e-.d. af:r :a s:ubse·'t -o:f tI1~ free vari·.ab:1.e:s 
• y .. ,.i·.-~ !.:titt.i.ally· se:t equal t.o · -b and ·i:s: l 
. i 
.... . ~ 
rnod:i.:ried: e.ac.h time a vari.ab,.l:e ::t.:~· o.:r7:pugit:t. -into ·o.r r:emoved :rro.~ :~ 
a,i J arE! ·pos;t ti ve , all ,Y-ari iibles x,"l wl:Lo::;.e aij > . I y i I can be ~:x:itlJ.J;ded 
:Crom T. bec-ause. thes:e .j c.an only-· G:reat~ i-n:reasib.ili ty. Thµs.,., the· 
.STEP· :_g 
I·f a feasible 
... :•. 
:s:0·1ution r1as. be.en fo:und-., a. t.:est ·t:'s: ·mad.e:. 't·o determine- if ZS + L 
(min c .. :frqm e~ch s_et. of variable·s c~on·tained in T} > Z;._ If' this J 
.. 
this :bran.ch -:of th~ t,r.:ee: :can. only 1.e,-ad.. to. ~ :sn1~-ler 01:>.j;:e.ct,ive. t.un-ction. 
S 1l'EP: ... 4 ... AND. 5 
.. 
s:t.-eps· 4 :and 5. are use·:<i: to· br-a.neh ··t-.o: tlie_ :imbe.dde·d ·i.:t,nE=~r- :P.ro.-~'. 
s.o.1 yeE? the following prob:1etn :-
----------------------------------------~--
:j 
.. ·.·.~ 
'I 
I 
~ 
I 
I 
i 
I 
. I 
I 
' l 
i 
' 
' j 
~ 
9..'. 
I f.' 
i 
~ 
/ / 
:M:Lnim:i::--ze Z- = ex 
Subject t.o.:. (l ) E x . ;:: .1 :f o:r: :e.l:tqli .s ·et 
J 
(2) AX= b 
and (3.} all xj > 0 
:p;ro.cedure.. :-!.f; tlle imbedded LP :solut.:ibn: :is all int_e:ge,r· o't1- t_he :first 
.-· 
.. kn '•.•. 
--own_. 
, ' 
,Each s.urrogat:e· :cc:,nst·r·ai_nt :g_~ne1;a-te.q. .t_s: 
. ' 
. I 
i !] 
' I 
·, I 
.. 
\ I 
~ I 
; I 
i 
·-~;,.··. 
........ 
3at3: 
asscfciated· with a sw.ro_g~te constrai.-nt t.o the com..b:Lnatori:al ·:t_ree: £$ 
c¢.e no ·var.i,ables set- eq-q._al. to· 1 .. Level 1 is where one. variabl.e i-s·. 
. .. ' ' 
.. ~· 
i:f' it 'i.s feias.ib.l·e 'durin.g. th.is- s·tep .. 
START (ALL x = 0) 
Leve.I l :x - 1 
-
. j. 
~ - 1 
Level 3: x. - 1 
l 
rr ~- p_a.rtial }to.lutioh eJ,Ci$tS' tRe im.b.edded LP solution i·s ~l int ..e:ge:r' 
and i.s record~d as· t)he be ..st: :feasibI·~ soiuti·on to. date.-. 
.. 
. . .... 6 STEP·_ . 
. STEP 7 
whi:e:!h :contained at least one f'ree variable in s: has b$~n co:mpletely 
e.x-c:luded ·train T. r::r- any s:e:t cont::ained. a f'ree variable.- :i.n :g ,. then. . 
. . t·h:ere was· :t10 variable tn t:hat ·s.e·t. ass.igned a yc(.L:q~ of l.. .ln order 
I 
. I 
. 1, 
' 
: ' 
. I" 
. I 
: I 
. I 
. ' 
/ 
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-
.. i;s; complet·e-ly exJ;:111<te-d from T , a feas:itbl:e:· _s:cluti:on: ca.rtnot· b:e :fo·µn.d. ·"by· 
of 1 will tend ·to produce a 
M II 
L (aij + Y'i) + L (ASCij '"' 
i=NI i=l 
in T.... :'tlre j:·O as-s·o.c,_ia~e:q witlL. the Jri_ax::Lmum value: o:f· t:he abqye eq_µ~ti.on 
·ft~ se·le.cte.·.d gs: t1It=; ~rit·~r:in.:g var.·i_ab.J~e-:.- _ :The aij: and 'Yi a:r·e ::rn:a.tr-ix_ ·an_d· 
ve-:ctor ·coe . t\f:t q_1.:en.t$ a:s:s:o.oi.ate:d With the ori·gi-na.1 ·frteqtial·;i.~y c:qt1:~rt:r-~:in.t-s. 
'I'he ASC:ij an:d Bsn1 are m?:trix:: ap.d vector coef.tieierrts associated w:bth 
th.e :S1JJ?rog:at:·-.e :oonst:raints ... ·Th.e: se-·cand si-tnurrat·ion te·rnr :considers only 
.solut-ion. The': s:i1mmat.ions· .ar·E= t.·aken :d.own- th.e :columns· of' the .. A and 
c.otts .. tr:aitrt·s: ·go from i 
:g.o from .i :::: 1 ·to ·rr . ~i:r1¢e th.o.$-~ j for wh:t_.011- ai . > I y i I have be·en 
. J 
.e_·x;c-,lu:cied .fr.om T·, -t:Jae ab .. ove :quant·ity ·:for any j will always be l.es:·s- than 
or e>q_:ual t·o o. ·By·- se:lect·:ing· :t;h~t j 0 which .maximiz-es this g/uant:.ity, 
·~ va.r:iable. is ;:se·le-cted whi.ch whe:q. set equa.l 't-o I will tnake :Y t¢nci 
t·qwa+d :z·e:ro at the. :Castes:t- ·rate. The x .. :·.ii·· variabl·e w11·1 tak.e :the 
do: 
7··· 
14 
(£ 
··.·s 3_:: 
i 
. 
·.• 
i, -·~-· 
the. ni~:i..mum va.lu~ of j: .. 0 -~ ·tn.e· v~r-iao.le with. tn.~ lar.g:~,st, :1:rro:.fit· 
coefficient, cj , ls S;eleoted s;Lnce thls. will give the greatest profit 
'Value:. Si.nee the i:,roblems bei'n_g .. c:onside·red involve S.:.C!iarce re.source_s ,, 
:r.n~:an..s. tn.a.t these \ta.:r.i.-ables. are n-c)w equal to O·.. "J:1. a variable .. i:rr the 
$:e-t. contafning j 0 ha.s o·een' as:s·i_grted a value of :Q during a pr·e-vi.ous 
br:anching pr-ocess, i't i's not- ,:r1~·¢-es:s·ary t·o 1te~s.:s.ign a neg&t:ive number 
At: 'S.t·ep· .lO ., y &nd .z·s ar€= mo.·.d:Ltie.d .• 
a1j > I y i I have been .excluded from T, the feasibility requi:r:-ement 
t:hat y $ O is ,alway-s ·s.·at::ts,fi·ed. Therefore, fea$::i.1J$;Lity c·ar1 b·e d.et:er~ 
-
- •. '"··"·-· '' ...• , .. ,.·' ...... -, . ' 
.. 
I 
i 
i 
. I 
' 
' ' 
,s I 
., I' 
•· I 
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. . 
-an:d ·· a h.ew U: ·ve-c,·t·or .i-s :dff;t e-r:rn::rn-:ed:. 
-. A X is ::set· equal t·o thos-.e· j o.f -s~- wh_±ch h,ave. pos·i·tive number·s value z .. 
:STEP .13 
:s.o:·1ution.. Tn_ere.:rc:rre, ·th·e pr.:o:¢·eq.ure_ b:r:anone·s-· to, this stt~p-. An ._attempt 
d·etet1Iii-ned trLa..t .any co.ntinu.ati·on ,of the -partial. :s-.c1l11ti_ori canno:t l.e·a.d 
made .~t E.>tep: l5·--· 
i_nto s·:olut-ion. 
. . . . . '\ . . . 
,@ i 
4.0 
SJ is set equal to ~KN. 
ll1 
-Th:is-. ·v.ariab·le is c_alled I • . • • • • • • ' • • • • • • 
- ·o-·-~- .·._._. .All 
c.o.---._m _ .. ·p· _-_-~o. n_ '. e_. nts :b_ .f .. -•· S e_·_·x._-.-_c_ -e_·p.:. __ t s.- ..• s---uc-h that I S I > KN - - - · -t 1 t ·o· . Jm jm - . a.re $e El.qua: o .. · 
.me.:an--ing:_ tb._a:t theste. variables are now free to be as-:sigti.:ed --~: value: _o_:f l._. 
s·te - 14. ·modi:fie:s "r :and Zt3 ·1Jy·· · set_ .. ·.t_-_._-.i __ . n_: ___ -_g.·_-•. - -.... Y--··. ::::: ' - __ p . - - , . - J-
- - l 
all i a.trd ZS ,::::-_ Z'S - 'C:' -. -. 
'J 
:n1;: 
-y ·-
.l. 
..... a ... 
_j_J -
-m 
,,' ·. \.;. ---- -
··7· 
:_i·1·, 4· 
At ste_.p i5 a te-st :i$ m:a.de to: :d_e·terir1l;ne if' tn:E:=.-re· i·s. ·-a set .o::r 
Varifbles su.cJ::i thq1.t /3.ll the ·Corl'es.pondl!lg cornpon~nts Of' S are 11.egati.Ye, 
·i •. e. all vari·ab:le$ -~:re. assj;.·:-gn:ed a value of ·o. r_:f ·t:his c:ondi.:t·:1.o;r;1: e.:Jcists 
it: w.t;fI o,e .:imp.·os::Sillie: to- obt.liin a feasible: so.J~uti.on.,, the-refore the 
determined. 
solution:._ Att-er· j·_ .bas ·been det.e.rm,ined, backtracking ·up ·a :b·r·anG-h of 0 
. 
the: 'SQ::lu.t:i.Qn.- t-.re:¢: occ:urs: as b.e.fo.r.•e:. r:r the :P.roc.eaur.:e ri'as cyc.l·e<i '.ba(::k-
to s·te11 ·:;L3: o_y :g-.c>·i:n·g t·h:rough .-ste]t) 3,. :q,:r 'I be-for•e: pass·ing th:rq:µgp; :st:ep· ::9.,. . 
. · . . 
th.e:re· ·will be so.m¢ G-ompon.e·nt :o·:f S :su-ch that ·S :is as.·s·i·gned a. ri·eg:at,i-'ve 
. j 
riJlrb"be,r gr~ater in. 1ib.s-o.lute va1u.,e tha.p KI{. .rm.is ·var·i:able: roust- Ji>e: -s·et 
are 
·.·, ,•' ... 
I.'f S't.e ·.1_:_::3··, i.s ....· .r. _e·a_.· .._ch __ .··e. d .. and there_·, is ,n_·._.-c · t · f S with a_·_. ·v·-a·_.· ,l:_·_u_ ·e·:_ ... _ .... p _ c.omponen o 
gre·at:er th@· z-e~ro ,, t.nen there are. n·o. -~e:rnaining variables which can be 
. \.,., ..... 
~-
._,. 
' 
' I 
., 
,I 
' 
·-
·-the ·:iast .-one. found is the opti.:m~l s.oluti-on. 
, .. ~---
'" 
"" 
The. objective of evalu·a.tin_g, the., s.olution _:p:rocedure is to me.as11r·e 
gc>r·it:hm •. 
th"E~· pr·imacy· crit~er.-:i.on .us.e-:d :in c·omparing different ·solut:ion ·tec:ht1i.ques, 
' ' ' 
ou;L·ate.a) . 
the autn.or: f'or the IBM-360-50 cornput.er :and. i.s described ·and .li·s-ted,. · 
' [ 
I 
I 
I 
I 
I 
,, 
Ii 
,, 
·:' 
y:al11.~ qif: th·e. Ollj~c-tiv-e functi.on, -~rg the tc).tEtl. 't.i-rne require:q t·o 
s·.oiu:ticih h:as b.e-en found . 
. -~ .· .· ... - .. • 
The ELlgorithm describe.a in referenc-~ on~ w-a.s comp.:ared w,ith tWQ 
des:cribed. in ref:e·ren.ce on·e. ·-' .. , . ''.. .. . . ,. . .. . . ' 
' . . .· .... • .•'. ,·. . :.• .. -
Th-ere.:rore .. 
. . . . .. . . . ' 
.. 
.co-n.starrt s 
. -- ·.·: ,: . ·- Vru:u-e.s: .f o·r- t-h~$'e, (~tJn·st:-ai1t/s wit:ifin- the Ji.p.e.ci:-· 
c · 's was: dorte t:o· re;])re-$-~nt ·a l:os.-s of 1?:rbfit as :a; j··ob is: s:chedul·e.d-. ,.j . 
.. . 
.l~te:r :.l.h the ·trime :p~ri:ocls .. 
f 
i 
l 
i 
l 
I , 
~· 
•-.; 
,• •s•,'...,; 
'\. ... • 
1· 
C i ~-
i' 
I 
1· 
1. 
. .,_ 
Ntunb-e·r of 
Problem Time Peri.ods: 
Number (Variabl·e$. ·i:rr --~ :set) 
1 5 
2 5 
·3 4 
5· 
6 
7· 
8 
·5 
5 
4 
:5 
10: 
0 
1-
.'. . 
:aHARACTEBISTI:.Cs OF' THE ·TEST :PROBLEIMS 
. .. ., .. ,. . . . . . . ·- ...... •. . . . :: .. - . . . . ' . . . . . . .. . 
ttumb:·e.r-: of J:Cfb·s 
to be Schedul·ed 
(Number of Eq_uali·ty 
Constraints) 
6 
·6 
8 
,8 
8--
11 
15 
:Tot.al. 
Number 
of 
Variables 
30 
30 
·32· 
··. : .. :· · .. :: 
I~b 
1+"() 
7:5, 
.8·0 
.. · . 
.Number· of 
Scar·ce Res.our.c:e, 
. - . ' . . ,- .. 
Cohs:tra:Lnt:s 
.·. . . . . . . . .·- .. -· ,.· ···•·· .. _... 
6" 
I.o· 
10 
.2·0 
• "'' · ·, ··-, .•, ,•t, .. ,.,:,_ .,, -.'•Y(,~·'-·.e•' ,,-;,•,-<:;.• ~ .... ;, •·'-•/, ·,)., ,",' ,. . • ... ..- .. _. "',_,-,, , , ., •. ,.".,a,,,···, -•'·J•- -w,••, .. ,,.c,,,..__,,. -,,.,,., -·-•·"·•·· ,., .. .,,,., .. .,.,, .•• o-•--- • ·· •~ ,.,- -·-•.-.,.,, -~·, ,.,,, °' - ••••'<·•• •·.-,.~.-. •• -... • •.,-,,- , ... ·, - , • 
S:ource 
of 
Problem 
Wood 
Al•.·.. d. -:e:xan··. :er 
. .· .-- . ·.. . •. . .• ·- . '. - .. - . . 
.A1.exan-der 
. . ..... -·- .- . .. - .. . . 
, Alexander. 
.- . ,.. . .. '.-.~ 
·wo.-o.d 
~-
.• 
·, 
47 
.-
I .. n_·. ·_g.·.e.·n_. -.e.>r. :al .. ,·. ·th cl · t · d t d · ·· r· · "±~h · ·· t · · ··· t and re ..... . -· e ··.'.a- .. a- U$©- __ ,· ·.. _Q: .·_eve:_._Qp :·•-. e ·co'ns·.·r.a1 .. p __ .···s ......... 
t·he IJ_·er.c.e:nt 'O.f o.ptitnalit.y co11,~L<i.. l~e ·c·a..l.::c~ulate:_:d ·for each feasible- so·...-. 
ltrt-ion •. The perc.ent of optitn~itt is defined as (Zs~~~~t) x 100. 
T.ab1:e. 3 ·s:hqws tne c-umulative· t.ime t<:Y e-a.ctb fE:ras.i.ble solution, the 
pe.rc-erit of opt·i-ntali·.ty ,of the fe:~sible ::s·olutio.rt.;: t-he time required tt) 
;_:f:L cat ion required _flbr all probl_em.s exc.ep.t ·pr.on:lelllS tW:o _and five. 
Each .. J?.roblem was 5olved. -on·c:e- usin;g Alexancie-r·'·-~ <:tlgo.rithm: and 
' 
' l 
' t 
' [ 
~: 
.•· 
48 
s .. ix tim_· .. -. ·e.•."' .. ··.s us .. i:n·: t:he ·a1· :o·-=t?ithrh c1_·_.:.e_··.·v._:e.·l.d_p·.ea by._·-·. tlre aut°ridr:. .. . g ... · . . g. . ...... . ~ ·-·. .1;i.1e·, --.s.ix . 
s.olu.t·ion.s corre:s:pon·d to t..he :s ... e·lected fre·.quehci.e·s crf usirrg the ·im-
.. 
·the.· ·s·o.lution p:r·o·c_e.·:s·s. :p_rob·lem eigh.t was solve<l o·nce :~tith ·each· al-
.solution ,obtained ·.for eacr.i prqb._l~l11 W.El_s J.de.:rrt;i.¢}~i.i. 
COMPUTATIONAL ETI([.CIENCY 
.- . 
The first result is t:liat t.:ne .co:rnput.a.t.i·on.aJ.. pro:c:e:du.r.e pro1;,ose·.d 
.in this p.ape:r 'Signif.:Lc.ant:1Y :r-·edu;~:ed th:e :numbe:r ·of' cy .. cles· re:(luired ·t·.o 
:s·al-ve a prob.l.e:nt i:n eve·ry ·c&se .. except two: (pro.b·rems tw.o antl five) ... 
. . . 
]>r·obl.ems· t:w·o ana···:tive·· .we:re sei.ec:te.a. f:rom: the pr-oble:m.,s s:olv~d. i,~ ·re.-
trto:ced:ttre· prop.o.sed: here <was direc.ted t:·ow.ard :prob·l:ems w·itn: ~ 'high.: 
It s·hould tYE} ·n·oted 
... : . . .... " . . . . . . . . . . . - . . . . . . . . ·~ 
duce.a th·:e ntmib..:e:r of cy:.ctles ··re--g_uire¢l to· ·P.olve l._ow den:sity :p:·roble:ms 
I 
--1 ) 
,;: 
:: 
I j 
l 
Col. 1 
Method of 
Solution 
Alexander 
:Wo:od 
:wood. 
. . - . . 
:Wood 
Wc>o.a: 
·wood 
·wood 
.Ale..x:atrde r 
·Woo.d 
Wood. 
Wood 
Wood •: . . . . 
Woo_d. 
W.oo.d 
Col. 2 
.Frequency of 
Using Imbed-
·~d LP 
0 
1. 
··2 
._.·:,: 
4 
.8 
1:6:: 
·32: 
O· 
1. 
.2 
4 
8 
1·6· 
3·2 
C:ol. 3 
Number· o-t· 
Times Im-
be:dded LP· 
:solved 
... 
·o· ..
7\8 
:47· 
3:7 
23 
12 
1 
TAB_: · · ·-t·· .. ·E-· ··2·· . 
. _.··_ ' .. - .. - ... '' .. · 
RESUtT-S. :FROM TES.,T P·ROB·LEMS. < • ••••• •' ' • • MO • • • • : ,,· •• -. 0 0 0' 0 • • 
Col. 4 
·T·otal Number 
of Cycles t-c5 
Completion 
.3.2-:0: 
.95:: 
12.8· 
213 
2·90 
32'.J __ 
·35:1 
Col. 2 
4 
Td-tal Imbedded 
'LP Time (Includes 
Pata Preparation 
f·or LP} Seconds 
0 
49~57 
25 .16 
16.63 
13.Q4 
7-:19 
_5:_~:04. 
~Pr.ob l:em 2: ~- N-urrfb::e·r bf ··v:ar.i:ab.~le.s :;: .30: .. . .... ·. .. . 
' . . .- ..... 
·Q 
29 
:1.8 
1' 
4. 
:.2 
1 
49 
5·6: 
64 
4-8: 
48 
4:9 
·4_·9 
·------
o· 
19 .1.5 
11 ... 58, 
5.11. 
4~.oo 
2:.,36 
l.,.70 
Time 
Seconds 
9.64 
53.60 
89 •:27 
22. 5.8 
21 •. 00 
15 •:34 
1:4. 41 
2:. 01 
:2·2::. o.o. 
1:4 .2·9 
7 .21. 
6.04 
'··. ' ... 
4.48 
3 .• 6,9 
Col. 7 
·% of Solution. 
Time Required 
by Imbedded LP· 
.·0-
92 ,.4.8· 
$5.96 
· ·73.65 
. 62 .10 
46.87 
34.96 
·o.· ' ... 
E3.'7. o-:5. 
81.•04 
. 7:0,. 8_7· 
6-9 .• 23 
··52 •. 6.8" 
46:.:0.7 . 
.... 
-~-
\0 . . 
\. 
Col-. l . 
. •· - ' . . . '• 
·Met-h·od .of 
Solut.i·on 
~ ,. . ' . . ·- . 
Alexande·r· 
~ . . ' . . . . . 
Wood 
Wo9d 
Wood 
Wood 
Woo.a.. 
Wo.od 
Ale:xa.n.der· 
Wood: 
Wo·o·d 
Wc):o.a.. 
Wood 
Wood 
.·woo:d. 
Col. 2 
Frequency of 
·us.ing Imbed .... 
·ed LP 
.0 .. 
1 
ft 
4. 
8· 
16 
_32: 
(J 
1 
2: 
4 
8 
16: 
3:"2 
RESULT:·s FROM TEST PF{O:BlBMS 
.· - - . . . . . . . . . . . . . -• .. . -- .. . . ,• .-- , .. · ' 
Prob:·lem 3 - Number :o.f V·ari.ables: =· 3·2 
'• . . ~ . . _-- ... 
Col. 3 
-Number of 
Times Im--
bedded LP 
So.lved. 
Q 
·5·2 
28 
.1·9: 
l ··o·-_·_: ' ... 
5:: 
3· 
Col. 4 
:-Total Number 
of Cycles t.o 
·c·ompletion 
l'T2: 
.6 .. 9 
f.3"4-
12·7 
1 143 
14.5 
14.2: 
Col. 5 
total Imbedded 
LP Time (Includes: 
I)ata Preparation 
for LP) Se con-~~ ... 
0 
77._2_5; 
39-·-.27 
24. 11. 
:15.-.61 
6. 59· 
·5-.2·3 
.P·r.ob·lem, 4. ·-. .Number ·of Vari.ables· = ·4CJ 
.. -... -' . . . ·'. . . .. . -· ·.... . 
0 
47.9-
'·.' 
3·,,5··_3:·· . ' . . 
. . .' .. 
243: 
1·3-7•.· __ ; ... ' 
84 
:4:8" 
·2.·.9···1.--7· 
.. : . ' : . . ·. . 
' ' . 
·.6··.-1-':8··. 
. . . . . 
•.• 1. • • 
964 
1498 
181:9 
8'288 
26:96 
(} 
·5:_._9· :1, · . 4· .4· ·. 
.. ' .. :· ... ·. 
'383··. 3·8 
:2·39:.16 
1:·44_ 08 .. 
·78. 57 
4.5. .·52 
Col . 6 ::9:0·1. 7 
Total '.% of s·o1uti:on 
Solution T'i:tne Re-q_ui·re:.d 
f_i'_imE; by· Imbedde<d LP 
s·econa.s· 
8 .. 47· 
.82:. "3() 
44.:01 
. ·• . . 
30'. 73 
.. 23:_. 06 
:13,. 50: 
:12 ._·4·3 
1.1·6::. 56 
633.Q:4 
1:r34. 35< 
. . . 
3.09.00 
224.09 
173. 87· 
1.5:7 •. 55. 
._o.·o 
'93:. 86 
.:89:• 2:3 
78i. 4.6: 
67 •. 69 
. . 
48.81 
;42 .. 08 
:o .• ·o:: 
·9._3 .• 43 
:8::8 .• 2:7 
77. 4(J 
64.30 
45 .. 1:9· 
:28-. 89 
\ 
... ·-
Method. -of 
:E3:olut,ion 
,.Aiexan-der 
Wooct. 
Wo(>.d , 
Wo.od 
:wood: 
·wood 
Wo:od 
. .Alexander· 
Wood 
Wood 
Wood 
Wood 
Wood 
°:t'1.ood: 
,··. ·- ... - '- .. 
Col. 2 
F.re q uen cy of 
Using Imbeci~ 
ed LP 
o-
.1 
.2. 
:·4 
-8, 
,1.:6 
32· 
0 
. 1 
:2· 
4 
.8 
.16 
jif 
. · -~ 
Col. 3 
NUIIlber of 
Times Im.-
bedded LP 
.Solved 
O· 
J54-
7:9· 
42 
2.t5. 
13 
7· 
Col. 4 
Total Number 
of Cycles to. 
Completion 
-·2·.10 
··229. 
;2·5_5 
:292· 
:.3'5.3 
'.3:57 
.3~81 · 
... 
Col. 5 
Total Imbedded 
LP Time (Include.s 
Data Preparq,tio·n. 
f:o::r~ ·1p) Seconds 
Q.00: 
1_2:1.97 
59. '4.4 
·32 .,20 
21.56-
:11 •. 4_:5· 
7 •. 16, 
Prob:lem 6· ,- .Ntunber· .of Variables .= 44 '. •• J •• • • ' •• - ••• • ' • • •• ,... • • - " • • • • • •• • - • 
-0: 
0·35·. 
539 
10:16 
704 
·19:E; 
.1·6.1 
·3~.4(} 
:::65:l· 
11·6:1. 
; - - •' 
5-090 
84.-32 
:4755 
80._-r .. 3-·· .·: ... ·~·-
o.·oo 
.. , .. 
491.1.7 
359.50 
4.56. 89 
z:7-0 .~1 
84· •. 95 
66 .9.4-
Col .:6 
··Total 
·Solution: 
Time 
S_econds 
10:.17 
. . .. 
134 •. 53 
71.37 
'4.5. 34 
36._96 
:'27 .. 11 
·23 .• 50 
·111 .• ··4_4 
:5·:25' • 5-1 . 
"4()9. 6.8. 
631. 22· 
5-28. 69 
231.90 
309 .. 95: 
Col. 7 
% of Solution 
Time Required. 
by Imbedded LP 
. i . 
:o •. o 
90:. 6.6. 
83- .. 2.8 
·71_. 02. 
5·8:.:3:3 
42.24 
30 .:·4.7· 
0: .-0 
9·3., 47 
87.75 
·72. 38 
51 .. 11 
·3'5 ~ 77 
21.~ :·6:cr 
\ . 
, .. . • ., .. --,=- • . . ,-
Col. 1 Col. 2 
Method of Frequency of 
Solution · Using Imbed--
ed LP 
Alexande.r-
'Wood 
. . .. 
Wood 
·wc'.Jod 
w·oo·:d 
·w-o:o:d. 
·wood 
.Ale-~arrd~:r 
W(JOd-
. · .... : .·. -.· .. 
-0 
.1 
:2 
4 
8 
16. 
. . 
,.3.~: 
:·o 
·1 
•· -----,-- -, , . -,,.~"' iV"''• .... _.,,. , ..• 
- . .··. . .. - . .. " . . - . 
Number- of 
T:tm.e s Im~ 
bedded LP 
·so··1ved 
0 
396 
.161 
·s· .. ---9-.. 
. ' . . 
5·-3 
:.2· 6"· ·. . . 
.. . 
14 .· · .. 
Col. 4 
Total Number 
;of Cycles to 
Completi-on 
·885 
.624. 
5--3.5 
614. 
780 
796 
8·19. 
C.ol. 5 
Total Imbedded 
LP Time ( Inc:lUd.es· 
Data Prepar·ation 
fo.-r .. LP-) S~Gonds 
Q• .• :0-0 
45:6.18 
22.3· •. 2_7 
132.-36 
5-8.:00 
·41. 2·7 
:2:4-.43 
Problem. 8 - :-Numl1e:r o:f V.~ri,·.ab,1.es. =. 8.Q 
0 
2899 
:l'o:,:~13: O· 
'3,5:15. 230 .. :25 
(mirrut:es ): 
Col. 6 
Total 
Solution 
Time 
Seconds 
' ·. ,, . .- .· ··.·. .. - ... 
. 6·6-•. 43 
50-3. 79 
·262 •. :_38 
·177·. 73 
tL32. o·o 
98.2:3 
a:3 •. 2·3 
.·4 .. :5. ¢J .. 
·:2.46. 6:6 
(mi:nut:es) 
_ Col. 7 
% of Solution 
·T,ime Required.'. 
by Imbedded LP 
0.0 
90. 55 
85 .09 
74.47 
.43.·94: 
. . . 
4-~ ... 01 
29.39 
.-o 
C13·:_ 
~: . . 
\JI.· 
l\)'. 
.5:3: 
·-TIME :T·o :SOLUT:10.N 
.. ~ . . . . ' . ' .. _- . ' . - - . ' . ·- . . .,._. .. . . 
-,; 
ltin-:ear _prc>.gr:a.m .t_s. useci e/V'ficy cycl·e. ·The t:ime .fac:ffor:s ,cal.q_-µlq,tt=d 
1 ,, -f' 
\ 
f. 
t 
I 
l 
l 
solve p·r.ob:le¢.. _s·:ey~n. '(75: va:t·iabl·e·s.) :fbhJ:lll :i.t re.quire·a. tq ·solv.e -: ' 
' 
. 
---------------------------------~----
- -
r 
l 
1 
! 
! 
' 
Feasible 
Solution 
Tim~ 
l _%: Opt .. 
lJ?i:rne: 
2. % Opt. 
Time 
-3- _%: Opt .. _. 
-Ti·m.e• 
·1 
·%-'(] o· ·-·t· •. 
. -· . . . P. . ' 
T:tme 
2 :% Op1> •. 
Time 
_·l :%: Opt:-. 
Time. 
:2 % Opt. 
·Time 
·3-· 1 :0. t-. 
_/0 p .. 
T.ime: 
4 :% ·owt. 
·iri.me 
5 :%· O .. pt. 
1 
6.97 
71% 
n.0·7· 7: ... 7. 
. SE{%:. 
·:1i .. 32i 
.100:%. 
(42 .. 28:): 
(._79%:) 
7·-.::6:4 
88·:% 
5_0. 6·o 
J,.o·o:%' 
{31. 70) 
(:3·8.%) 
4.5. ·94 
7·1%· 
p·B}RFO'.RMANCE o·F· THE ALGO·RIT-HM . 
. . ·. 
. . . . .- . -... (Ti~e in Seconds) 
Problem Number 1 
Freq:u.·en·cy o;f Us.ing Irn.b.edded LP 
2 .. ·,4 8 .... :.1'6 
3· .• ·6·9: 
71%-
.4. .• :7_6 
86·:% 
:5.99: 
1·00%'. 
(2·3 •. 2.8} 
(·8d%,) 
3.76 
71%· 
4. 5.·1: 
:8:6.%' 
·5.··_.2_:3-._.· . . ~ 
....... 
10.0% 
(17· .. 35) 
.. (77%) 
_3. 5·6 
7.l% 
-·4 •. 06 
. .... 
:86.-% .. 
·2.7l 
·71·% ·.,_ 
_:3.:30 
-86"%, 
·4. 58:, -' 3· ._-(il 
10.0%. :10.0%: 
(_;16 .• 40) 
{ 78%·1 
3.68 
100% 
fi·i. 66) (76%) 
P·r-oblem .. Nunib:er .. 3. 
. . - ··-· •. ·. 
5.84 
·88.% 
2:6 •. 79 
10:0% 
( 17. 2:2') 
( :3,9:%:) 
·32. 05· 
77.% 
3. 5·9. 
~. . ·. 
-.BBt 
is~:. 40·: 
·ioo% 
{ 11 .. 3-3) 
.... ( 3:7%·) 
24.04 
77% 
.. 3: •. .1:8 
a-a..%: . 
l4.·8:3 
lOO-%: 
(.8.,2·3) 
(36%) 
.12 .. ·,6·7 
7·7% 
·2·.9.5 
$8%· 
9:.-62 
)L:()0% 
( 3. :s--a) 
(29%) 
1$ .,3J+ 
~rr-% 
2 .• 75 
7:1% 
3:._.·39 
. .-.· ... 
:EJ6%-
·3. 73 
'];00_%· 
··3 •. 1Ef 
8:8.% 
1 .. 85 
J_QO-% 
('4 .58) 
(37%") 
13; .. J+;i 
·7·1.% 
1·6s-.··9·9· 12i .. -:59: .9.J_.-~:,4. 
:9:0 .. % 
73 .10 :68 _ .. 11 :62 •. ::3:-5: 
90-%.: 9-tJ% 
4:6:1 .. :46 321 •. set 
9~3% :93%. 
4.73, 2-4 3:24 .•.. 5,:1 
:97%·: .97%· 
569;. 72 
100%-. 
(63. 32). 
(10%) 
.391.89 
-lOO%-. 
-(-42. 46.} 
1 • •• • (-9 .• 8%·} 
91.75 
93% 
241.51 
9·7%' 
2·43 .• _·16 
100%: 
(65 .. 85} 
(_2:1.:4.%) 
9,:.0% .' .9(1% 9•0.%. 
l 7"7. 9,5·: 1:·-3:7 •.. 2·3: ·1·2·7 .-.'6l 
9:_3%- -9·:3.%: 93% 
·179·. cr3 137 •.:9:1 12.8 .:9·4 
9:7%: 97%· 97"t%,. 
:20,3,.6-6 
1d0%. 
c·20. 43) 
{_9--~l-%) 
157.:03 
100%. 
(16 .. 84} 
(9 .·7%} 
l-46.:.5.2 
100%· 
(11_.--03): 
(7<%} 
1 ' 
i ! 
·: I 
. ' 
; 
' 
' 
. " 
: II 
; I 
I 
I 
t, 
\ 
i 
l 
' 
·.-.;· 
:Fe·as•·ible 
:So,lution 
Time·· 
1 % .O:pt. 
·'J;'ime 
·2: :% Opt., 
T·' .. .ime· 
. . . - . . .. 
:3, .%·' :Qpt. 
'r·irne 
:4 %· Opt: .. 
• I . • 
l 
·· ..... · .. 
·2•6. 21 
·90% 
i:53.: .. :5·7 
S1.3·% 
i2 8 3 • .1+.: 3·: 
·97% 
4·1:3_ •. 0.1 
1:00·% 
,-Ci12. 50) 
( 21%.:) 
PERFORMANCE ·OF THE· ALGOI{I'THM• . .. - . •·' . . - . . ' . . ·: ' . 
- . . ... , . 
:(:Time. in Seconds l 
P·roblem Number 6 
Frequency·· of U$ing Imoed:d:f=¢i LP 
2 . 4 8 16 
18.2:2· 
9-0% 
·195.,95.· 
. . . 
9·7%: 
2·7-4·. 5·4, 
.. 100% 
(i35· .. ,14). 
( 3.3%·'). 
:i1. 37· 
90.% 
'£38 .... 5.:.3 
193.%. 
·1651-.:3;5 
.97%: 
496·.1:2 
100.·% 
( 1·3·.5 .• 10} 
(21%) 
8;~.7}!~ 
.9'0% 
7.0. 0::4: 
:9·3:% 
:J3'2: .. lt7 
•9',.7·.'J/ 
4-2•2.: • 1+'2 
10()% . 
('10·.6 .27) 
(20%} 
7;:. 29 . 
•90·% 
.59-~17' 
93%··· 
9r~r.:58 
9,y:% 
14 ..3 .• 05 
.. .. . . ' . ' ~.: 
1,00.% 
(89. 85) 
('39%') 
.32· 
12 .. 23, 
9"C)%. 
68.91 
93% 
153.42 
9·7% 
~2l:5: • 7:4 
:100·% 
(9·:4·.·21} 
·(·30%)· 
. [ 
.. [ 
; 1[! 
' ,[ 
: I[! 
Feasible 
Solutions 
Time 
1 .% Opt .. 
. ,.-_:· ·. ::· 
' .. . 
.. ;, ..:· 
:Time 
2· '.% Opt. 
T-in1e-. 
3 % Opt. 
Time 
·4 %. Opt .. 
.T.ime 
5.· %· Opt·. 
·T:ime-
.6 :.% ()pt·-~ 
T:ime 
1 % ·Opt. 
T. ·.· . . .. -1.m.e 
8: :%. :opt !· 
Time 
91 %. -Opt:. 
l 
28. 39 
83% 
37.·71 
87%/ 
5.··~r. 41 
8.8% 
15' .. q() 
9·1%', 
~ ; ' 
100, 79.: 
'9-4-% 
1·3;i •. 0.2. 
9..6:%• 
·2·:40 ... 4:3 
:9·7 .2% 
:24·0.~ 85 
9.8·:. 5.:% 
260.95· 
99: .. 2.% 
'5·6 
r1-U3-LE 3.: ( C qnt ,.: d) 
.. PERFO:RM:A.NCE OF .THE ALGOR.ITBM .. .. . .. ~ ,, ' ' . 
. . . . ' . 
( Tinre. i·n Seconds) 
. Pro·blem .. ·Numb.er 7 
Frequency of Usi.ng Im.bedded LP 
2 4 8 l6 · · 
l6.07 
87% 
2tQ .• 3.fJ 
91%.· 
.2l .. 58 
:9.:2% 
2:5'.. 74 
.-9~.% 
2.9 .·4_:l 
·96% 
:£t6 .• 8p 
9(5°,_.·5% 
97·.·7f3: 
·9:7 .2$.·. 
9·8-.2.3: 
:98-.:5%. 
.l.0:9. 20· 
;~}9. ~:% 
10.23 
90% 
l'O •: t3:'3: 
9.4.%· 
.21 .. ·1:6: 
Sl6.% 
7.04 
90% 
7.·64 
9.Jr%.· 
8-~6··4· 
96.% 
6.49 
94% 
fl .. 22 .. : 
.9t5:% 
30 .•. :5:6. 
9;6'-: .•.. 5%· 
5.3 .• 16 44-. 16 -~1-.11 
'96 .·5:% ·9.6 ..•.. ~% . · :9·7. 2% 
54.:0_'Q 
97. 2:% 
5.·4 •. 41 
98.5::% 
,61. 77 . 
:99:.~.% .. 
63·:.:~0 
:99. 4% 
'7·9 ~ <3.1 
5}9·.1:% 
-4.5 ..• o:o· :31 ... ·44 
97.2%' . 98.5% 
4.5 .•. 2.8 
.98 ... 5%, 
5,0 .:ik7 
99. 2%· 
51 ... 6.1 . 
:Si9 .. :4% 
6·:2 ,!', _3:3. · 
9·9: •. 7:% 
:40 .·72 
:99. ·2.%: 
1r1. 70 · · 
99 .• 4% 
47 .:9:'4 
99 .. :1% 
:54. 65 
~LOO-% 
( 4-3_. 58)· (44:%). 
T •'· , 1me 
·_l{J :% :Opt· ., 
2·6·.4 ~: 8·&. 111.· 29 :-5;1 • ·o·,o· 
lbO% (·86. 73·) 
· ·c·-4.9 .. %J 
:(:;:9. 74. 
:ioo% 
(·6}2·.22} 
(.'47%) 
'Thne. 
.. 1.1. :% Opt • 
Time · ... , ...
·12- % O:i;rt>.-
9.9 ,··4%: 9.9· •. ·J+.%: 
·. - : __ .· . 
.. 3:.17 •. 2.2 
99.·7% 
341 .. 7.5 
.100·%'. 
.(J62.04'} 
(.32%) 
1.39.: .•. 78 
·9.9 .• 7% 
155 :•23 
100'1,: 
(101 .. 16) 
(41.%} 
32 
6.51 
.94% 
·7 e:.32 · 
96:;f 
29,. :90 
9:6 •. 5% 
30:. 3:4 
97-:2·% 
3:0.62 
9:s:.5% 
3··4 ·7 9··· 
. ,, .• 'J .. · 
9·9.2%· 
35.63 
99.4% 
42 .• 38 
99 .• 7:%: 
·47.})9 
100% 
(35 ... 24) 
(42%) 
., 
':5-7 
:-TABLE 3, ·(Ciont 'd) 
.PERFORMANCE OF THE ALGO"ilI:THM 
·(Time in Seconds) ·· · 
Problem Number 8 
f-easi'ble 
s:o.lutions 1 
Frequency of Using Im.bedded LP 
2 4 . 8 16 
Time 
l .% Opt. 
-'.ITime 
:2: %. dpt .• 
T.:Lme 
:3 .:%' Opt .• 
'.ri:rn~ 
4 ,%: Ot:>.t ., 
·Time, 
5' % Opt. 
Time 
. -. ' .... 
:6: :at·: ·on_·_ t· .• 
. . /0 -- ·.l:: 
T.ime· 
7· ·_%: Op:t .• 
¢ 4 C 4 
117.99 
87% 
186-.,tl5: 
:91%· 
:2:5;:5i5 ~- 30 
:-94.%" 
34 7l .. 0.2· 
96,·% 
5:-448·._9.o 
.97% 
--9 O 00 •. l.'3 
99% 
it)3t>5 .. 15 
1:00:% 
(.443·4. 7·6 ) 
(30 .. %) 
. C Q Q Q 4 
¥ I Q 4 4 32 
·T'.hi.s vari.-
:.- ••.•. ,O • ••" •• 0 • • M 
at:i·on ·was ·.fr9111 ·t~+1: pE:}r,c.ent fc)r· pt.ol::rlt=m fo.ur: t:d e·ighty· percen:t: .for· 
. . . . . ' 
,. 
' t !, 
" 
;:, 
I . 
~ ,-,,:: 
~-
.5. .. :·9.·· 
.. •" .. 
VI! CO.NGLt1SJ·:b.ws 
Qe,n;e:ra.1::i>zed Scheduli·tig Proolem with Scarcfl .'.IR_i~·sour.ce-s. The nee.d :fbt' 
s..oluj:rtons to scheduling problems is ctn. ·evety <ley occurrence .in 
.. . . lt .. . . . . . .· u artificial const.;r.-ai.nts" qa.l-1.e:·d ···.Surrogate Const·r·:a.:i.nts-. · :'I'lles:e. 
the ,sp·($·.c·ial structure an.a. cfyar.acte·ris-ti·cs .:of· the· :,s G·~e.:d.lJli-ng p·ro:b1.em. . . . 
. . . 
on·e· in.te-g¢.:r p:rogra:mmin.g~ alg.orithm deve.loped b:y .Alexa:r.iqe.r. Thi.s 
Thi. . . . ·s·· . 
. . . 
:fd-:.· 
/ 
./ 
. "". 
·6·0·· : .·:: ·. 
e·JCI)licit enumera.tioc,ns re:iqui.red.. to. solve a problem.- Sin-~e ti:rne· is: .an 
important factor, it will o:e neces-sary' to impr{pye: .. ·t.n.e :algor·ithm. ·±.n 
. this area to make it mo·re· competitive with exis .. t:i·ng: ·a·lgo·rj.·t/tuns·.. Some 
The -conclusi:.ons-- .q.rawn from the :compa.r·i$OP between the .. algori.thm. 
·dey~loped in t:hi:s paper and the on.e .develop~cl by Alexan .. der .c~r1 b.e 
(·1) 'rhe algor.it~ d_eve:loped by· the auth:o:r is oomputational+y mor,e: 
efftci:ent_. ·The- ·r ..e.¢Iu.c-t_ion in t:he.- :nl1mber :t>f ex1p1.1.(::!:it enumerations-
:required: ·to· solve :a iP.:roblem was by a factor ·o.f ttv~.. Th.i·.s reduct.ion 
was the direct; .:r-Eis-~'.l,t: of the i-.ntormation obt:ain.ed from th~ surro·gat,e: 
constr.:aints .gepe.rated dur·1:ng the solution p-rocea:s·s .• 
:f2.) The algorithm ·p_resented i:n. thi.s ·11~:pE;r re·quire:d ·more- t.-ot· .. qJ_ 
time to solve a problem. Thi·s. irtcr.ea.se in time ·w·as by a :racto:r. o.f 
f'i:"v~. A ;m:ajior portion of t·hJ;' tot.al solution time was required by "th:e 
prob-lem ··so·1vea.. The ·be:s·t suboptimal s·oluti.Q.:n.. :roun.d will be a.vailab:le 
i:f the qo:l,uti:on prcrcess: is stopped short of' natural termination. 
... 
\..... ..... 
·.6, 
. ..L 
.... 
! • 
. ' 
I 
,11 
'1 
I 
1. 
i 
• 
. ----c 7 ..... Q i 
·1tECOMMENDAT.IO.NS- FC)R FURTHER STUDY. . . . . ·~ ·. - . . ·-· . ' . . . ... . . - ' .. 
be· imp.rove:d u,pon in ··the ':f'Uture ~ The- ·increasing r1mnber of' art:ic.1e·_s. 
::s·etter sol·uti.on .·. - ·... •· •,,' .... •. . -
'. ·-· 
fu.rth:e:r inve:sti:ga.t.:t.on.- 5onie cJf t.hes:e are.as ~re discuss:ed below. 
(J...} .S_i:n:ce .f;t_ ;rn.a.j_or p.ortior:t ·o.f· the: s.o1ut,:i.o:n. ·t:ime: is used by th.e 
. 
. 
'I'he :restat.t ·technique 
th:e :sq;Lut·i'On ·proce$s: 11$e·s, th.e. im.b~.-dkl.ed linear progr8JI1.-
(2. ).. l·n the p:r.e-$~P:t metho.d, on,:~ variable is- -$:ele,cte·d. t:·o p,$· .-; . . 
. •. . . Ets·sign_ed a y~l~-~-- ·of z.e:r·o .• :rt· n:rey be pas s.-:i b,.le to. b·ring ·ir1. IIlQ::t?E=. than 
:·JJ'.tfe-asibili.ty· will not occ.ur_.: 
(.3} The rule use:d f'or s,e:L.ect.ing a var:i_able t_o, be -~s:signed a 
yaJu~ o:'f~ orte is bas:e .. d on .. obtt:ti.pi·n_g_ ·or .ma.int;aining f.eas:ibili ty. Cost·s 
are on_iy, corts.ide:re·<i wnen a: t.-ie, 9.ccurs :fc)r· ·th~ va:r:\ia.ble to· be ;s·e1:e:cted. • . ·. 
• 
. " 
within a ::s..pecitied pe:r:cent of the max.imum possibl·e s,o.lt1t·-ion_.. 
,.·' 
·, 
·, 
APPENDIX. A 
. . : . . . . . 
:Surrogate Con·straint 
-~· 
"-· 
i 
' i 
l 
l I 
' l • 
' I 
! , 
l 
I 
I 
! 
i 
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:t·ree ·when searching for an optimal. :S01J.Ition to t.he. scheduling· pr.ob·lem. 
·'Iltis= ,~ppendix presents the mathein~t/t(ral d..~v$.llop:rne:nt o:r an opt.imal 
s11r·r.og_ate constr~int l1:Sed · in the '.a_lgo·ritli:r11_. 
(1) 
Tlte: .-sc.heduli-ng pron.lem is -de:r:tne·d as :·f.6:llows.:· 
.Maximize 
:subject to· 
and 
·x. = a or l 
.:ij 
z = ex 
N 
:E xij, 
j=l 
< ·, X. j ..... b. 1 :k 
. ··- . 
:::· l i. = 
k = 
J.. ,, !" .•.. ·• ·, m-
·.•· :.• • .,· .K· 
' . 
rrwo ·c.o.ncefpts us.ed. :in: the imp'li.cit enumeration approach .are: 
o_.t a problem. A J?.a.rt·.:L~l so):J:ft;.-:t-on: S is dt=fined as a su.bs~t .of ·the 
va:r-.iables it.i (l} whi.ch_ have· been ·as sigrre .. a :a value :C):f :Q •.or :i. Th~:-
called _·:f:r~e. variables. A partial s-olU:t:iqn i·s· ,s-~id to· be fathomed 
wh.e.n it .is pos.sib-1~ t.o .d·ete-rntlne: that :no· :f\trther ·invest·i,gation of the 
.a solution.:. The first is to prove ·that no matt:er what values are 
·as,$.igri.e;d to· .. th.e free variables, a con·tinuation of S cannot provide a 
:tea.s.·f"b_le. s:o·lution to (l). The second .is to determine that a better 
• I 
, I 
I 
• i 
I 
f 
r 
f· 
t 
~-
i'.' { 
i 
i 
I 
! j 
k ,·. •. + 
a. j . .x:.· .• j-. . 1 · ··i L 
x .. j!s i· 
x ... ==l lJ 
[ miri ·0 ·lt, X - 1._:·.-.n.· -.. e_ -..:a.-.c_·!L_·_ · S, .e.--·.t_·,·.-.. ]:.:· ~b < :Q 
. - ~i:j,· i.j . k --
.rela:t·ibhs:hi.p: ·i.n (2·1 does not rro.:l'd~ , .I'f .it is, as.fttmed that: ,a .:re~$.·io:ie. 
. . ~ 
so]Luti·on wi.tf.t an qpjective :runct:ioh. :value, Z. has: ·t)e·en toun;-a:., then. a 
• (3.) . . + C ._ _j-. X_ .. _· J·. l l' :- . [ max :c· . x:. . . . .: in ·ea_ c.·.··_·h . .-:... s.et .. J: ·> z . ·'tj i.j .. 
in· (3) q.o.@s net .hql..d tor :~Y .cont-:itruation .o:f s. 
surr.ogate cons-tt-ai:nt c·an tie generated wfiittn i·S: a,. non-negative linear· 
.. comb:ination :o:.:r the. P::rtg:t..nal inequa.lf.tY' .const.r·aints o:r (l}.. :r·:r the 
~ .. 
re·q11J·rement· thgt: z. ~-... ex:< .Q is· i.n,clu·de:d itl the ·surrogate c.on.str~in.t:~ ... 
thetr 'botn. :r:ath.9n1in-g tes:ts qquld be· investigat·ed s·imultane ..ously. ·Th:e 
:eo .. rfu ·o.:r a surrogat·e .c:on=stra1.nt. ·for problem ('l) is. 
{4 J u(AX - b) + (z - ex) <· o~ 
It :i .. s desired that the s·w.r.o;g:ate:: :C<)rtstr.Jti.n.:t" p.e. :as. s:t·r,on·g as possible 
in ·the· sense that the. te-st·s c2·1 and (31 woul.·cL. tie, e,.:f'tective when 
The constraint 
• • I • 
:if (AX :-- b.} + (z - CX) < 0 i··s said to be: $tr.onge.r ·than th·e· cbris:tr~int 
tf (~ - b ) + CZ - ex } < o if the minimi.:un: value o,f' the ri gh.t ... hand side 
: ' 
' l 
1 . 
' i: 
i 
I 
~ 
t ,. 
r 
' jl 
r 
t 
:rorrnu1ation for :ri·na·ing the u·strongest"'. :surr.o:g:ate -constraint-: 
(·5) MAX { min[u(_.AX-b} + (Z~CXl]··, x~j ;::; ·O_, .J_ f'or x .. jts} < 0 
u>o i i ' 
Rew:ri ting (5) to, t.i:µte: :iJi:to. ac.count the ·ti.XE=.g. variables results in 
K 
MAX { L ( L · a~ x~ ). 
U ~ 0 k=l 1\_ X. £:S lj lj 
. ij 
cort.ibini-n..g· terms .give:s 
K 
(7) L l,1. ( L a~jx· .. j: k=l , k X c-g l l · 
ij~ 
K 
K 
+ :min[ E1 ~ cx~¢s a;jxij) J 
lJ 
K 
- L 1L b 
k=l K k 
MAX { min[ L { L u. a~· -
u > o xijEf:s k=l K ij C ... • ) X • • ' x 1• j ,1. J lJ = O, l fbr xijEf:sJ } < o 
Let.t-i.ng 
an-:a.: ·zs = C X. 
. . --.. - ·:• ·-· lJ ·l.J. 
( 
~quation {7) can be .wr·:i_ttE=n ,as· 
{8) 
K 
-L b: ~ + CZ - z$) 
k=l 
K k 
-
+ min[ E CE u. a.j-c.jlx~j j X.j=O,l:flr~€ts]<O 
Xij~S k=l K l l l l ...j'" 
"':i 
I 
~ j 
i 
' 'i 
I 
I 
I j 
• I 
' i 
, I 
; i 
II 
,I ID 
. " 
,. 
,. 
·and ··t·he rtstronge·$t"'· .stlt-rt,ga·te ·o·.onstta~nt ·wil-1, b.e.. 'O°.b,t:~i.n,e.d lt]l·en .:;r1on~-
.. . ,· . 
neg_at·.iv~ value.s .. o.:f ··~ ·,are.: determine.d whi,.ch- maxicof ze. ··equation cs:1 ... 
:Jt· is .:state.d ~s a theorem that the solut·i:on to the l'inear :p·ro--
efr.afuming ·problem 
··- s .. C. . . )' · z -· z· :·: 
... · . . . . 
.M.inimf· z e 
. . . ~. . . 
:t., j¢ s 
will yi:e.1·a the :opt.i·trial :dh:oi.c.e of 1\. :ro·r· ·-us~ -i·n ,fne: s.~rog·ate. con-
:s-tr··aint: (8):•.· The line.ar programming J?·,r:.obl.en:i. .(9·} .can. p.e obt:ained by 
t'~_i.ng·: the. dual of a partial solutio·n -ot· Ci1) .•. 
Tb prove that (9) will y-ield the Optimum choic::e Qf 1\_, assume thit 
there· is. a better soluticn ·to (8} than the opt:ima1: soluti.:on ·· of (9). 
If the opt·imal solution to (8J i.-s (~, w~) an.d the optttnal. solution 
'to C.9') is. cu;_, wr), then th,~ :assumption is t:hat 
{.10:) 
K K 
-L bk8 u.* + (Z-z8 ) + $n[ L ( L u.*a~. -
K x
1 
.. j;+S k=l k lJ 
k=l R-
c:.; Ix. ] < lj' ::i,.j 
K 
'"' s ' -£..J bu.;+ 
k=l k .1{. 
K 
+ min[ E CE ~a~ -
X £ts k=l j C .•. J. }ot .... d. .] 1 ... I .. . . . .. . . . · ... •.. . . ·• ·.. _.·:_ :·. ij~ 
•. 
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and rearran_ging t·e-rms (10.l ··be,,e!omes 
K 
Cl.1l Lb:~ - K k . (Z:·~- Z:8 ). + ·Max[ L _Cc .. j ~ EQ'a.j}x.j] .< 
. cts i k=l K. i i 
xij'+. .. k=l 
K 
~bs * Li k~ -
k=l 
n 
Since j~ xij = 1, ·i're cap. r:ep.lace 
Max[ L (c. j 
xijfl:S i 
K 
' k .·). 
- LJ ~aij_ .. '.'Xi:j_ 
k=l 
L Max (_c 1&j -Lu. a~_-·}. iEts j k ij 
cy· 
Fron1 (9), wi ~ cij - L ~a~j and since the ])POblem is being 
m~t.Li:mized over the w. , 
1 
Th.er.e:fo.r.e:, the maximization terms in (1·1) can. b.ei r·eplaced by the 
e.qui:valent dual variables and get 
K 
:(12) 
K 
' 
I 
! 
. I 
.II 
Ill 
. " 
110 
r 
• I 
·. I 
.- f. 
. ' 
' 
·10 
U:S!:l thi:} '\ obta:tned from (9 l to generate the s4rrog~te con.stra:i.nts, 
the ·vaiu·e o:r the objective ··±'unct.ion ,.of ·(St} fo:r:rm~r @. ·up.p.e.r QOUJ'.1& on 
I ~ 
. 
· .-, ~" _,,,.·,:-.···-~,2'?1'¢.c.:~i}':~iJ..~":_f~}'.;';:;°',!~1:-2~~~-~ / ,·C 
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.APPEN!J:IX. B 
,i 
'' ... 
rr'.he program l.is·t_e:d here -:i.s: :wr·:i·:t~tet1 in. EO.RTEAN IV r·or thll IBM-
:36:0/5.·0. computer and. can --t,·e·- tis>ed to s.c:;;1.ve tlte sche·dwi_ng., problem 
ze·ro· it1 all -:fe:as;ibl·e s-oluti·ons: . 
• - 1 ' . • , "• . •"· • .- C • • • • • • • • • -. 
.. 
To pr.eJ;rar·e th·e :tirt)blem ·fc>r input, the· p.ra.'ble.m. is formul.at-e.d asi:;_ 
N 
-Maximi.ze z = L 
j=l 
C X j _j 
:s:ubj_ec't to Lx. = 1 
J 
AX :::·b;. 
-JI .-:for e.ach :set 
The iµput de.ta. cons:tsts of the prof'i.t ¢.oeff'iqient5, cj' s; the 
c_Q,n$·-t:ra:int. level:e. :f:or the ine.q.ua-i·.it_y·· · co.n·str·aint:s. ]3. .• 's:,• ·ana the 
. .. . . 1 
:n.on~z_.e.ro :c·o11straint coefficients for: th~- :inequality cons:traints 
A '. . : .• :-•· .. s. ·• 
,. 1J. The multiple-choice constraint leve.ls· Bi:,$ a:nd: coef'ficie:nt:et 
' / 
! 
r; 
i 
I 
I 
I 
\ 
! 
l 
J 
~.;r1.put: sequence: ,o:f the: ·prq)bleni parameters Etnd .d:ata are shown ··below. 
·integer format, 161:5:., Th·e no·n-z.e.:r.o irtequ.ality c:onst:1:·.ain:t, c.oer·ticients 
SEQUENCE 
1st card. 
2nd card·* 
• _1. 
4th. ·c.ard* 
·5-th .car·d. 
PARAMETER 
M 
N 
NLP 
. · . C. 
. . j· 
·. 
.b 
. ..: . '
J_ 
A . 
. ij 
. Blank 
*'nunibe:.:r· .of cards as required 
• 
DESCRIPTION 
Total number of :consit::i:·.ai.nts. 
. .. . . -. ' 
Total. ,numbe-:r· ·.o:f· -vari:an·1e.s .• 4 ' • • • • - •• • •• ' ' .- •• 
Nixm.ber of variables in .... . .. 
. .. . . 
"t;t :set (multiple-choice 
<J"onstraint). 
Set NLP equal to zero if 
t.he imbedded linear program 
is not to be used (the 
algorithm reduces to a 
modified version of Balas' 
Additive Algorithm). Set 
NLP equal to a positive 
integer j and the imbedded 
linear program will be 
used once every jth cycle 
of the iterative process. 
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